Fourier
Series

F(a() = 3 Xl o(r- 1)
- (1) = ni:x £(t = nTo)
et | A/)'

Ty

L)
Sample with T step

b

@ Periodicize with LT period ® Periodicize with 1/T period
@ Multiply by the sampling @ Multiply by the sampling
frequency f = 1T frequency f = LT

¥ + 3¢
z[n] = z(nT) Periodicize with Ts period o Tn= 2 r[n — iN]| = E(nT)

v : 5 k -
2 =7 3 X(1-5)—— Simmemin e

k=g

+30 ‘ | = ) & N
}‘{ S aln] 6(t - nT )1} =7 2 (f . ?) Xt BT X, o

T =30

& < vk iN
Discrete-Time ‘ = ‘ To
Fourier Transform ——r’ =% ey

FT

http://en.wikipedia.org/wiki/Relations_between_Fourier_transforms_and_Fourier_series




Simple Waveforms

Triangle

http://upload.wikimedia.org/wikipedia/commons/thumb/7/77/Waveforms.svg/760px-Waveforms.svg.png
http://len.wikipedia.org/wiki/Waveform




Some simple waveforms and their Fourier series

4 Triangular WAVE
1
' =)
a 27 ¥ = cos (2n + 1)
-1F=--- i'ﬂ:ﬁ (2"+l)’

$ Rectangular sawtooth wave!
1;——-_
- 2 < 1
/AVﬁ./ r = 2 (—1)*'-sinnax
| Ta=1 r
'_I 5q
UAre WavYEL .
1
- T o
T 23 stk
|_-_'|, w,:uzl!-i-l
4 Absolule value sine wave:
2 4 2
0 ¥ rd : - E ! CoS Inx
* w .o 4n' — 1
! Hall sine wave:
1
A WA W ST
— p— n — —
w2 T S =1

http://lwww.sfu.ca/sonic-studio/handbook/Fourier Theorem.html




' signal f(t)=F[F(o)]

Time and frequency domains <
‘spectrum  F(w)=F"[ f(1)]

In'nensity Lewu:el indB

ra
)

%i $in ut +%s‘ln It +ésin Sut 'l“%!'il’l Tut ¢+ .... ) -30
100

| o, O<t<rm
f(t)_{—n, T<t<2m
f(e%2nm)= £(1)
f(t)=%[sin(a)t)+§sin(3a)t)+%sin(Sa)t)+..}

http://www.sfu.ca/sonic-studio/handbook/Fourier_Theorem.html




' signal f(t)=F|F(w)]

Time and frequency domains -
'spectrum  F(w)=F"'[ f(1)]

v

Timne

Amplitude

/ Time

L I:cnsut‘l-!};c{)s&utles-l:055ut+;]-'g-tni?wt+.... ) ) ;
Ls 12-7(s'inut-%—sinzu;t*'a—sin3ut—I:in4qt & i o

1

i
9

10

I iy

4000 00 1000
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oo -
-
s
"
-
b
4-
=
o
o
a1 -
=

Intensity Lewvel in dB

logw

f(t)= %(cosan% Y cos 3wt + —cos 5wt +-- ) flz)= z(sina)t— L 20t + - cos 3t — - cos 4t +- )
T 9 25 T 2 3 4

http://www.sfu.ca/sonic-studio/handbook/Triangle Wave.html http://www.sfu.ca/sonic-studio/handbook/Sawtooth Wave.html|




r (-1, —-m<t<0
Square-wave function  + f(t)=sgn(sint)=+ ?, t=0
f(t£2nm) = f(¢) tL O<i<z

harmonics: 1

N G N

Fourier series representation  f(¢)=—

1

sin(27z'a)t)+ —sin(67ra)t)+ gsin(lOn'a)t) + -

3

4 Ssin[2n(2n—1)wt]
)

T 2n—1

n=1

1

http://commons.wikimedia.org/wiki/lmage:Synthesis_square.qgif




f f(H)=t/2, —m<t<+nm

F(e+2nm)= £(1

Sawtooth-wave function

\

harmonics: 1

. . . 2
Fourier series representation  f ()= —
T

http://commons.wikimedia.org/wiki/lmage:Synthesis_sawtooth.gif




Periodic 1dentity function -

o IV

(e o]

Fourier series representation  f(x)=2) (-1

n=1

),m sin (7x)

n

http://en.wikipedia.org/wiki/lmage:Periodic_identity function.gif




Approximation of a square-wave function by a
Fourier sum of three sinusoidal harmonic components

. i |
y, =sin x+§sm 3 X

y3=9nX+1sm3x+lsm5x
3 D




Approximation of a square-wave function by a
Fourier sum of three sinusoidal harmonic components

o =Y =,y v, =sin(2t) + sin[3(2t) [+ Ssin 52

http://www.brains-minds-media.org/archive/1988/
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The “fundamental theorem” of structural crystallography

The fundamental theorem of arithmetic
Every integer greater that 1 has a unique expression as a product of primes.

The fundamental theorem of algebra
Every univariate polynomial of degree n with complex coefficients has exactly n

complex roots.

The fundamental theorem of the calculus
If the derivative of f(x) is g( ), then the integral of g(x) is f(x).

—f( (x) = [ e(x)dx=f(x)=rb)-fla) = [g(x)dx=r(x)+C

b

a

The “‘fundamental theorem” of structural crystallography
The crystal structure factors F,,, in diffraction or reciprocal Akl space and the unit-

cell scattering density distribution p(x,y,z) in crystal or direct xyz space are related by
Fourier transformation,

: F|F, |=p(x,y,z) Fourier synthesis
Fhkz: 1P, L p(x,y,z) ) [ hkl | p( )

- F' [ p(x.y.2) |= Fy Fourier analysis

F,.l€

where the |F, | and @,,, are, respectively, the amplitudes and phases of the beams of
Laue-Bragg scattered radiation diffracted by a crystal.




The “fundamental theorem” of structural crystallography

‘ ‘ei%k’ a ( X Z) <( p (x,y ’Z) =7 [Fhkl] Fourier synthesis
hkl hkl }?1 P\XsYs Fhkz = ]-"—1 I:p(x,y,z):l Fourier analysis
(x,7,2) ZZZFhk,exp[ 27 hx+ky+lz)]

\

— 00

h k1

F, = Ceuj J- J X,Y,2 exp[+2m hx+ky+1z ]dxdydz

— 00 — 00

cell

2

S0 Jexp[ 271i (hx, + ky, + 12,) = | Fy [P

hkl 2

1

+oco0 400 oo

X »Ys Z 222|Fhk1|cos|:§0hkz hx"'k)""lz):l
cell —;o —l:o —l°°
S :izz(sm‘ghk’j and 41 =|Fuuf
dhkl A | Qrit = ~Phi




The “fundamental theorem” of structural crystallography

- F x,y,z)=F|F Fourier synthesis
Fyy =|Fu e’ P = p(x,y,z) p( ) E hkl] . ’ .
- F,=F [p(x,y,z)] Fourier analysis
F, = j r)exp(+27iher) d’r = zf exp(2nih-r¢l)=|Fh]ei(p"
< F
p(r ZF exp(—2miher)= Z|F|cos 27th-r), {| h| ‘ |
N (/"
r:Zriaizxa+yb+zc, reR, reR’, V=a«(bxec) O
i=l1
:
h=Y ha'=ha +kb +Ic", heZ, heZ’, a(k:b‘)/<c ®

i=l

¢ 1 sinf,
b \|h|:dhkl =d—:2( )’]kl)

. | 0, i#]
aea =0 = _ J
J J 1, i=j

| her=rhx+ky+lz
1) =F"[p(r)]=], p.(r)exp(2mih-r)d’s

2




The unit cell scattering density distribution p(x,y,z) =
and the crystal structure factors F,,, = F,
as atomic summations
=2 p(r=r)=2p,(r)x5(r-r,)
F, =F" :p(r)]
=F| Xp(r-r,)
=» F [pa(r — ra):

M p.(r)=8%(r-r,)]
“[p(r)]F[8(r-rx,)]

1
M= 1= 1 M-
kﬁ

"ﬁ

|
1
.7
[9'S]
o=
"3
I
Q
~—
e
gar——

2miher, )

E = ZN:fa(h) exp (27iher, )

p(r)



The crystal structure factors F,,, = F,
and the unit cell scattering density distribution p(x,y,z) = p(r)
as Fourier series cosine and sine summations

F, = Zfa exp 27z:zh r,)

_Efa [cos 27'ch T )+isin(27'ch-ra)]
:Ah+th

=‘Fh|ei(Ph

|F,| = \/Ahz +B7%, @, = arctan(Bh/Ah)

F'F,=(A,—iB,)(A, +iB,)= |1«“h|e_i"’h |Fh|el¢h =|F|

p(r)= lz:Fh exp(—2miher)
——Z|Fh’exp|: p—27her ]

- VZ‘FhH:cos((ph —2rthe r)+ iSin(‘Ph —2rh-. r):l
h

|7 =|F.al
qo—h: (p+h

- éZ|Fh‘cos(q)h —2rhe r) , 1f {
h







Physical (X,Y,Z) Angstrom and dimensionless (x,y,z) fractional coordinates

- }" - <r p(x,y,2)=F[F,] Fourier synthesis
=
hkl e Y k F, —, I:p X,V,2 :I Fourier anaIySIS

= VLE F, exp(—2niher)
{ cell —1:0

F = p(r)exp(+27rih-r)d3r

v. ll

( 400 400 +oo

p(X.Y.Z)= V—ZEZFM exp| —27i(ha*+kb*+ Ic*)s(xa+ yb+ zc) |

cell —oo —oo —oo

[

Fu=] j | p(X.Y.Z)exp[ +27i(ha*+kb*+ Ic*)+(xa+ yb + z¢) [dX dY dZ

-

X =xa, Y =vyb, Z. = 7Cx DExy.z<1
) dX =adx, dY=bdy, dZ=cdz
{ dXdY dZ =abcdxdydz=V_,dxdydz

cell
. | 0, j#k
a*’-ak=5,f: J
1, j=k

\

F =V .IJIJ;P(x’y’z)eXp[+2m(hx +ky+ lz)]dxdydz

cell Jo




Continuous and discrete Fourier synthesis

o F (x.3.2) p(x,y,2)=F|F,] Fourier synthesis
" ]?1 s F=F"|p(x,y,z)] Fourier analysis
p(r)= K exp(—27ziher)d’h
p(x.y.2)= [ | [ F exp[—2mi(ha*+kb*+ic*)+(xa+ yb + z¢) |d(ha*) d(kb*) d(Ic*)
d(ha*)d(kb*)d(Ic*) = a* b* c* dhdk di = V., dhdk di = L dhdka
cell
hkileZ = dh=dk=dl=Ah=Ak=Al=1
<
. . 0, j#k
a*,/.akzgl_::{ ]¢
1, j=k
\ Fry = Ew el(phk[
SASAS (P Foor 1=
p(x,y,2) ZZZ s [ expl: —27i ( hx+ky+lz):| hil
Ve Pelralies ikl = P
p(xy < ZZZ|F}k1‘COS[(plk1—2ﬂ: hx+ky+lz):|

V

cell —o0 —oo —oo

h k [




Fourier transformations by numerical grid summations

F p(x,y,2)=F|[F] Fourier synthesis

F. &2 pxy.z <
ki ]<__—_1 p(x.y.z) | F.=F"p(x,y.z)| Fourier analysis

Fourier Synthesis

1 hmax kn

p(xp,yq,zr):v— . ;]ZJ hk,|cos[(p,,d 2T (hxp+kyq+lz,.)i|

x,=p[N,, Y, =4q/N,, Z =V,
OSxp,yq,z,_ <l p=0,1,2,....N_—1, q:0,1,2,...,Ny—1, r=0,1,2,....N,—1
\ Ax=a/N_, Ay=b/N, Az=c/N,
: A 1
Shannonsampling: d,, >d_=— and max(Ax,Ay,Az)S=d,,,
2sinf 2

max

Fourier Analysis

N,-1 Ny-1 N

F. = z ;IIN 2 Z p( X,,¥,5%, )exp[+27rl(hx +ky,+1z, )J

z p=0 ¢g=0

hkl — “"min ~v

Shannon sampling: d,, >d,, 2 2max(Ax, Ay,Az):2max(a/Nx,b/Ny,c/NZ)




Structure factor amplitudes and phases
by numerical Fourier inversion of a grid density

Fourier Analysis

Vo=l Nk No—1

F, = - ;uN z 2 p(x V2 )exp[+2n'l(hx +ky + 1z, ):I

x*'y* 'z p=0 ¢=0 r=0

Fu = ‘Eﬂcl’ el(phkl = ‘Ezkl‘ (COS Ppyg TISINQ,, ) = Ay, +1By,

0 1% N,-1 N-1 N,-1

A, = v ]i;HN 2 Z Z p(xp,yq,z,.)cos[+27t(hxp+ kyq+lz,.)]

_— ‘/Cell Nl iNg=1 N1 . , h l
| hkl = N.NN, % ZJ ,ZJ p(xp,yq,z,,)sm [+ n( x,+ky, + z,_)]

_ 2
kl‘ \/Ahkl + B hkl

) B
Qi = tan” ( = ]
\ A

Shannon sampling: d,, >d,,, > 2max(Ax,Ay, Az)=2max(a/N,.b/N, ,c/N,)

min ~J




Shannon sampling

( _ _ 1 sinf_
Reciprocal lattice: max‘hj‘ :d—:z 7 : j=12,...n
< min
. . . dmin A‘
Density grid: min|r;,, —rj‘ = > = PR j=0,1,...,2n-1
Simdo ..

n points in h-space < 2n points in r-space

Claude E. Shannon, "Communication in the presence of noise’,

Proc. Institute of Radio Engineers, vol. 37, no. 1, pp. 10-21, (Jan. 1949).

Reprint as classic paper in. Proc. IEEE, vol. 86, no. 2, (Feb. 1998)

http://en.wikipedia.org/wiki/Nyquist—-Shannon_sampling_theorem




7. Basic principle of the FFT T
>3 ) F 2 9:7"9
Fua ]tl P (x,),z) A sum of N terms can be decomposed into two sums of N/2 terms. ™ F;—l p(x y:2)

The projection of a unit-cell scattering density distribution onto the a axis is given by Fourier transformation of the
axial structure factors,

p(x): f[Fhoo]

N,—l
Z ' 00 €Xp(—27ihx)
1 (Nh/2) 1 (le/z)_l
== Z ] exp[—27ri(2h)x:|+ = 2 Fiapiny 0 0 €XP |:—27ri(2h + l)x]
h=0 h=0
1 (V2 (N, /2)-1

=— 2 Fz,zooexp[ —27i(2h) x]+ exp(—27ix) Z Fonay o exp[—27ri(2h)x].

h=0

Thus exp[—27ri(2h x:| needs be evaluated only N, /2 times but can be used N, times.

Similarly, the axial structure factors are given by Fourier inversion of the one-dimensional projected density,

Foo = e I:p(x)]

N, -1
g

a ), p(n/N,)exp(2rihn/N,)
n=0
(N,/2)-

(95 (N /2)-1
a 2 p\Nx/exp[Znih(Zn)/Nx]—ka Yy p(

n=0 n=0

)exp[th (2n+1)/N, :|

(N./2)-1 7 5 N ( /2)-1
a Z p\ZZ\,’Z)exp[Zm’h(2n)/Nx]+aexp(+2mh) Z p(ZI;V )exp[th (2n) /N:|

n=0 n=0 X

and exp| 27ih(2n)/N, | needs be evaluated only N, /2 times butcanbe used N, times.




Basic principle of the FFT (cont’d)

e Subdivision of a sum of N terms into separate even-index and odd-index sums of N/2 terms
can be repeated recursively.

e Each of the sums of N/2 terms can be subdivided into sums of N/4 terms over even-index
and odd-index terms, and the process of subdivision can be continued until finally only two-term
sums remain to be summed.

e The net effect of economies in evaluations of ¢ by subdivision in FFT algorithms is a

reduction of the size of a calculation for N data points from order N~ to order N log, N . As
shown 1n the table below, this represents for large N an enormous reduction.

e Depending on the factorability of N , subdivisions into other than two sums of N/2 terms
indexed by 2n and 2n+1, such as three sums of N/3 terms indexed by 3n, 3n+1, and
3n+ 2, are also possible.

e After the advent of high-speed digital electronic computing, the invention of the Cooley-Tukey
FFT algorithm (Cooley and Tukey, 1965) made large-scale Fourier transform calculations

important and commonplace in many, many areas of science and engineering.

e The N-factorization/divide-and-conquer principle for series evaluation had in fact been
discovered by Gauss (1777-1855), but its practical exploitation had to await the appearance of

fast computers.




Basic principle of the FFT (cont’d)

The net effect of the computational economies in FFT algorithms 1s a
reduction of the size of the calculation from order N” to order N log, N .

N| N N* Nlog, N
[ 2° 1 1
2 2 4 2
41 27 16 3
8| 2’ 64 24
1.024 | 27 104,856 = 10° 10,240 =~ 10
2,048 27
4096 | 2°
8,192 27
16383 2™
32,768 | 2° 1,073,741,824 = 10° | 491,520 = 0.5x10°




The unit cell scattering density distribution p(r) = p(x,y,2)
and the crystal structure factors F,=F,

as atomic summations

N N

p(r)= 2 pu(r =)= X (1) #5(rr,)

F,=F"p(r)]
= Nl p(r— ra)_
= Ele “[pr-r,)
= aif‘l pu(r)*d(r-r,)]
R= X7 [p0)] F [8(r-n,)]

F [S(r —r,) |=exp(27iher, )

F = ifa(h)exp(Znih-ra)




Th_e Kronecker Delta

(0, i#]
5..:< ]
J 1, 1=

\

The Dirac Delta Function

[ 77

5(x—x, ):O, Vx # x,
r S§(x—x,)dx

(x)o (x xo)dx f(xo)

Jxojga(x_xo)dlea >0
Lzojggf(x)é(x_xo)dx: f(xo) , £€>0




The Dirac Delta Function and its Fourier Transform

5(x—x,)=0, Vx#x,

jj:5(x—x0)dx= S(x—x,)dx=1, e>0

XO—E

J-_+:f(x)5(x—x0)dx: J’x’:)j:f(x)é(x—xo)dx =f(x,), £>0

FLF(x)]=[_ £ (x)exp(-2mihx) dv=F (h)

f[ﬁ(x—xo)

= J:o S (x—x, )exp(—2mihx)dx

= exp (—27rihx0 )
= COS (27rhx0 ) —181n (27rhx0 )




The Fourier transform of an array of delta functions in direct space
is an array of delta functions in reciprocal space.

F | p(x)= F[F(h)]|= :j:F(h)exp(—27rihx)dh
F(h) 2 p(x) -
Vi \ F(h)=F " p(x)]= | _ p(x)exp(+2mihx)dx

Origin shift = Phase shift ]:_l[p(x —t )] = ]-'_l[p(x) % 5(x— X )]
= f_l[p(x)] .7:_1[5()6 — xo)] = F(h)exp(Zﬂ:ihxo)

“Dirac comb” ez

a linear array of p(x)=25(x—na) = Fp(x)]=F" ZS(x—na) =25(h—2)=F(h)
delta functions e o o <
R=na+n,b+n,c Bravais crystal lattice vector, n,n,,n, €z
H=ha +kb +lc Reciprocal lattice vector, h,k,leZ

HeR=hn a sa+hn,a sb+hn,a sc
+kn b sa+kn,b sb+kn,b sc

* * *
+In,c sa+In,c sb+in,c ¢

Choose a*Lb,c A b*Lc,a A C*La,b

b % X X b
a = c’ b = a’ i ,  V=a«{bxec) O
%4 %4 |74

Then H-R=hn, +kn,+ln, = (HR)eZ = exp(2miH-R)=1




Direct space

Position Vector r=xa+yb+zc

+o0 H4o0 +oo

Space Lattice ~ L = 22263(r—n1a—n2b—n3c)

— 00 — 00 — 00

nl w2 NS

_ ig(x_nla) i5(y—n2b)§5(z—ngc)
5 "3 "3

Reciprocal space

Position Vector h=h a>X< + kb>i< + lc*

Space Lattice L, =F [Cr]

400 +4oo0 +Hoo

= 22253(h—mla* —me* —m3c*)

—00 —00 —00

ml m2 m3

A

D. Thompson (1996). The reciprocal lattice as the Fourier transform of the direct lattice.
Am. J. Phys. 64(3), 333-334.



Friedel's Law
Le loi de Friedel
Three-dimensional crystallographic diffraction patterns are centrosymmetric.

)=

2

F; — F;1k1

hikl

F-

hil

(Iﬁﬁzlhkl) = ( =|Fpu| A (0;7/:7:_(Phk1)

Given that

N
F, :va( Jexp(+27miher)d’r :;fa (+h)exp(+27iher, )

N
F_hzjvp(r)exp( —2miher)d’r Zfa Jexp(—2miher,)=F,, ,
L a=1

and that spherical atoms are centrosymmetric so that,

p.[-(r—5,)]=p.[+(r-1)] = ()= 7(+h)= 1

1t follows that
F h — F—:fl
’ F h| L. ‘ F+h| e Pin
and

Georges Friedel (1913). Sur les symmeétries cristallines que peut révéler
la diffraction des rayons X. C.R. Acad. Sci. Paris, 157, 1533-1536.



Friedel’s Law
Le loi de Friedel

hkl

F_
]

E?kl‘

=
=
~
I
P~
=
>~
~
N —
S ——

(1

\ Qi = P

Friedel’s law holds if the atomic scattering factors are real-valued,
even functions, which 1s the case if:

e The radiation frequency radiation greatly exceeds the natural
resonant atomic absorption frequencies of the crystal, so that
resonant or “anomalous” scattering 1s negligible;

e The atomic electron density distributions are spherical, or at least
centrosymmetric about the atom-centers; and

e The atomic Debye-Waller factors are real-valued, as 1s the case for
atomic displacement distributions that are centrosymmetric about the
mean atomic positions, in particular, for atomic displacement
distributions that are Gaussian, as they are for harmonic thermal
vibrations.

Georges Friedel (1913). Sur les symétries cristallines que peut reveler
la diffraction des rayons X. C.R. Acad. Sci. Paris, 157, 1533-1536.




Phase restrictions for centrosymmetric structures
or structure projections

e [f the unit-cell scattering density distribution is centrosymmetric about the
unit-cell origin, then

p(-r)=p(+r),

| p(r)exp(27iher)d’r

JV

| p(~r)exp[2mihe(—r)]d’r = va(r)exp[Zni(—h)-r]d3r =F,

JV
e Equivalently, if the atomic electron density distributions are centrosymmetric
about the atomic nuclei so that

p(-1)=p,(+r) and f(-h)=f,(+h),
then, since centrosymmetrically related pairs of atoms have positions +r and —-r_,
F, = Z f.(h)exp(2xiher, ) Z f.(h)exp(—2miher,)=F,, .
e [t therefore follows that
(F—h:Fh) — ( l(p—h_e(p ) — ((p—h:(ph)’
while by Friedel’s law,

Py =0, .
Thus,

[(p=0)r(0=—0,)] = (0,=

and

ePh=t1, F=|E|




Real-valued electron density from complex-valued structure factors

p(r ZF exp(—27miher) Z‘F |e Py exp(—27iher)

— VE‘Fh‘exp[i(goh — 27Th-r):|
h

— éZ‘Fh‘COS(% — 27rh-r)+i ‘Fh‘sin(goh — 27rh-r) :
h

If Friedel’s law holds,
Fo|=|F. and ¢,=-¢,.

Therefore, the imaginary, sine terms in +h and —h sum pairwise to zero, and

1
p(r)= VZIFhICOS((Ph —27her) ,
h

which 1s real-valued.







