X-ray scattering by different volume elements
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Phase differences due to scattering from different volume elements
of an atomic electron density distribution

Since X-ray wavelengths are comparable to atomic diameters, interference effects due to
the differences in path lengths to and from each volume element of the atomic electron density

distribution are responsible for the approximately Gaussian falloff of atomic scattering factors
with increasing scattering angle.

Figure adapted from Harold P. Klug and Leroy E. Alexander (1974). X-Ray Diffraction Procedures for
Polycrystalline and Amorphous Materials. New York: John Wiley.



Scattering factor versus scattering angle

The higher the scattering angle,

the greater the difference between wave path lengths

the greater the destructive wave interference,

the greater the scattering factor fall-off with scattering angle



Scattering factor versus scattering angle

The atomic scattering factor £,(S) is roughly proportional to the atomic number Z,,.
At S=(sin 8)/A=0, £,(0)=~Z,



Atomic Scattering Factors
for X-rays
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Variation of shapes of the curves of f/Z against (gin #) /A for the chemical elements
whose atomic numbers, Z, are given in parentheses. (After Harker and Kasper.®)
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Buerger (1960).

The “humps” or ripples in the f-curves for Z = 6 and
Z = 4 occur because the ,Be 2s? L-valence shell is

filled and the 4C 2s?2p? L-valence shell is half-filled.
When a valence shell is filled or half-filled there is a
slight real-space expansion of the outer, valence-
shell electron density pv(i‘) and therefore a reciprocal-
space contraction of the low-angle, valence-shell
scattering factor curve f,(S)=F"[p,(r)]-
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Polar Plots of Atomic X-ray Scattering Factors
versus scattering angle

7(r20)=(ste "3 20)(0)

B=20A as polar diagrams (b) f(r,20)= (fN0a+’29)
Fig. 4.3. Scattering amplitudes (factors)/for (a) stationary carbon atom, (b)
stationary sodium ion and (c) vibrating carbon atom, B = 2-0 A2.

Due to interference effects among waves scattered from different
volume elements of the atomic electron density distribution, the
amplitude of scattering decreases with increasing scattering angle.

S.C. Nyburg (1961). X-Ray Analysis of Organic Structures. New York: Academic Press.



Polar Plots of Atomic X-ray Scattering Factors
versus scattering angle
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B=20A as polar diagrams (b) f(r.26)= (fNa* ’ 29)

Fig. 4.3. Scattering amplitudes (factors)/for (a) stationary carbon atom, (b)
stationary sodium ion and (¢) vibrating carbon atom, B = 2-0 Az

Due to interference effects among waves scattered from different
volume elements of the atomic electron density distribution, the
amplitude of scattering decreases with increasing scattering angle.

S.C. Nyburg (1961). X-Ray Analysis of Organic Structures. New York: Academic Press.



Carbon atom scattering from different electron shells

6': K+L Carbon scattering factors

5.6 K-shell (2 electrons) core
5.2 L-shell (4 electrons) valence

4.8 K+L (6 electrons) total
4.4

4

3.6

3.2

2.8

2.4

2

1.6

1.2

0.8

0.4

0 S—

0.4 ¢ 02 04 06 08 1 12 14

sin(theta) / lambda

For carbon, the four-electron valence shell scattering is
negligible for (sin 8)/A >0.5A", d_. <1A.
The two-electron inner shell scattering extends well

beyond (sin 8)/A=14 A", d . <0.36A.



Radial electron density and scattering factor curves for K [Ar] 15“2s5"2p°3s“3p"” subshells
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Fi10. 48. f<curves for the individual electron groups of K+

F10. 43. Radial charge distribution for the different electron groups of K+
(James, Ergednisse der lechnischen Rintgenkunde, vol. 111, 1933) (James, Ergedbnisee der lechnischen Rinlpenkunde, vol. 111, 1933)

Figures copied from R.W. James, (1982). The Optical Principles of the Diffraction of X-Rays. Woodbridge,

Connecticut: Ox Bow Press.



Radial electron density and scattering factor curves

f(8)=F"[p(r)]
K*[Ar]
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Figures copied and adapted from James (1982).
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Table 2.2 A, p. 72, vol. IV, ITXC

2.2. ATOMIC SCATTERING FACTORS FOR X-RAYS

(1.41 A" for MoK

| 0.65 A7 for CuKar

TABLE 2.2A

Mean Atomic Scattering Factors in Electrons for Free Atoms and Chemically Significant [ons

HF = nonrelativisitic Hartree-Fock Calculation
RHF = relativistic Hartree-Fock Calculation

DS = Dirac-Slater Calculation

SDS = Stewart, Davidson & Simpson Calculation



Table 2.2B, p. 99, vol. IV, ITXC.

TABLE 2.2B
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Coefficients for Analytical Approximation to the Scattering Factors of Table 2.2A
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Al’** (Z =13) contracted
0% (Z=8) expanded

}1322322p6

C.J. Ball (1971). An introduction to the theory of diffraction. New York: Pergamon Press.



Scattering factors for Al** versus Si4*

Isoelectronic
3+

[Ar]1s22s22pb

The AI** and scattering factors are nearly identical!

It is very difficult to distinguish between Al°* and with X-rays!

X-ray diffraction is not always a good elemental analysis technique.
It determines only electron density, NOT atomic identity!



Debye-Waller Factors

FZf

h)=F"[p(u, ], u, =r,—(r,)

(0=
D,(b)=F"
WD (W=

0 <|h| <o |
p,(r)] Z >f >0 ¢
 p(u,)] 1 2D,>0 |

exp(th-( ))

" p.(r)%p(u,)]

If the distribution of atomic displacements due to thermal vibration, and possibly also
disorder, 1s Gaussian (as indeed it is for harmonic vibration), then

D, (h)= exp[—27t2 <(ua-h)2 ﬂ = exp| —27” <(u“°ll:)2 h|2> _ exp[—zﬂz <sz>h ] |

where

h

sin@
hl= — = 2( hkl ) ,
‘ | dhkl A’

and <uf >h 1s the mean-square value of the displacement of atom a projected onto the

direction of the reciprocal lattice vector h, i.e., the mean-square displacement of atom
a perpendicular to the diffracting planes Akl. If the displacements are 1sotropic, the
Debye-Waller parameter 1s commonly denoted by B, such that

a

sin@, ’
Da(h):exp{—Ba(T'“) } B, =87 <“3> :




Carbon atom scattering factors
attenuated by the Debye-Waller factor

Direct-space smearing, i.e., expansion of p (r)
results in reciprocal-space contraction of f (S).
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