
κρυσταλλος	


krystallos “hard ice” 
low quartz (α-SiO2) 

Morphological Crystallography 



Crystals 

� plane faces 
� straight line edges 
� point vertices 
 
� constant interfacial angles 
� rational intercepts 
 
� 3-D periodic internal lattice κρυσταλλος	



krystallos “hard ice” 
low quartz (α-SiO2) 



https://lasers.llnl.gov/programs/images/new_dkdp_crystal.jpg 
http://chemconnections.org/crystals/new/images/kdp.jpg 

Large (~ 400 kg) KDP crystals 
KH2PO4 , sp. gp.  I  4bar 2 d  

Grown for fabricating frequency converters for high power laser systems for nuclear fusion experiments. 



Giant selenite gypsum crystals  CaSO4•2H2O 
Cueva de los Cristales, Naica mine, Chihuahua, Mexico 

http://ngm.nationalgeographic.com/2008/11/crystal-giants/shea-text/1    http://en.wikipedia.org/wiki/Selenite 

Giant crystals grew over many millennia 
from satd. aq. soln. at const. 58°C temp. in 
flooded caverns, and were revealed when 
pumping for mining lowered the water table.  

monoclinic point group 2/m 
space group A2/a 



http://ngm.nationalgeographic.com/2008/11/crystal-giants/shea-text/1 



http://ngm.nationalgeographic.com/2008/11/crystal-giants/shea-text/1 
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                                        A Chronology of Crystallography 
Classical antiquity 
            Greco-Roman thinkers – Nature of matter, polyhedral geometry, κρυσταλλος 
1611    Johannes Kepler – Hexagonal snow crystals, hcp and ccp spheres 
1600s  René Descartes, Robert Hooke, Christiaan Huygens – 
                Speculations on periodic spheroid packing in crystals 
1669     Nicolaus Steno (Niels Stensen), 
1688        Domenico Gugliemini, and 
1772            Jean-Baptiste Louis Romé de l’Isle – Law of Constant Interfacial Angles 
1783      Abbé René-Just Haüy – 
                 Law of Rational Indices, “molécules intégrantes,” unit cells 
1839      William Hallowes Miller – stereographic projection, Miller indices 
1849     Auguste Bravais – Lattice theory 
1883     William J. Pope and William Barlow – 
                 Speculations on atomic and ionic sphere-packing in crystals. 
1890     Evgraf Stepanovich Federov, 
1892         Arthur Moritz Schoenflies, and 
1894             William Barlow (all three independently) – Space group theory 
1883      Paul Heinrich Ritter von Groth – Chemical and optical crystallography 
1895     Wilhelm Conrad Röntgen – X-rays 
1912     Walther Friedrich, Paul Knipping, and Max von Laue – X-ray diffraction 
1913     William Henry and William Lawrence Bragg – X-ray crystal structures 



The Platonic Solids 

Physics Today, Jan. 2012 





Prof. Kenneth G. Libbrecht, http://www.its.caltech.edu/~atomic/snowcrystals/ 

Johannes Kepler (1611) 
On the Six-Cornered Snowflake 



http://quinceandquire.typepad.com/quince_and_quire/2011/01/images-of-snow-crystals.html  



http://blog.makezine.com/snowflakes.jpg 



Johannes Kepler (1611) 
On the Six-Cornered Snowflake 



Kepler’s conjecture (1611) 
hcp and fcc-ccp densest packing of equal spheres 

 

Computational proof by exhaustion (Thomas Hales, 1997) 
https://sites.google.com/site/thalespitt/   

Cecil Schneer (1960). Kepler's New Year's Gift of a Snowflake. Isis, 51(4), 531-545. 



"Each single plant has a single animating principle of its own, since each  
instance of a plant exists separately, and there is no cause to wonder that  
each should be equipped with its own peculiar shape.  But to imagine an  
individual soul for each and any starlet of snow is utterly absurd, and  
therefore the shapes of snowflakes are by no means to be deduced from  
the operation of soul in the same way as with plants.” 
                     Johannes Kepler (1611). De Nive Sexangula 
                                     (On the Six-Cornered Snowflake). 

"These were little plates of ice, very flat, very polished, very transparent,  
about the thickness of a sheet of rather thick paper...but so perfectly  
formed in hexagons, and of which the six sides were so straight, and the  
six angles so equal, that it is impossible for men to make anything so exact." 
 

"I only had difficulty to imagine what could have formed and made so  
exactly symmetrical these six teeth around each grain in the midst of free  
air and during the agitation of a very strong wind, until I finally considered  
that this wind had easily been able to carry some of these grains to the  
bottom or to the top of some cloud, and hold them there, because they  
were rather small; and that there they were obliged to arrange themselves 
in such a way that each was surrounded by six others in the same plane,  
following the ordinary order of nature.” 
                                                       Rene Descartes (1635). Notes. 
F.C. Frank (1974). Descartes' Observations on the Amsterdam Snowfalls of 4, 5, 6, and 
9 February 1634. J. Glaciology 13, 535.  

http://www.its.caltech.edu/~atomic/snowcrystals/earlyobs/earlyobs.htm 



In 1665 Robert Hooke published a large volume entitled Micrographia,  
containing sketches of practically everything Hooke could view with the  
latest invention of the day, the microscope. Included in this volume are  
many snow crystal drawings, which for the first time revealed the  
complexity and intricate symmetry of snow crystal structure.  

http://www.its.caltech.edu/~atomic/snowcrystals/earlyobs/earlyobs.htm 

Robert Hooke (1635-1703) 

Hexagonal Snow Crystals 



http://dlibrary.acu.edu.au/research/theology/ejournal/aejt_5/Sobiech.htm  

M.DC.LX.IX 
1669 

Niels Stensen 
Nicolaus Steno 

“The First Law of Crystallography” 
Steno’s Law of Constant Interfacial Angles (1669) 

1638-1686 

from Steno’s notebook 



The angles between corresponding faces on crystals of any 
solid chemical or mineral species are constant and are 
characteristic of the species. 
 
The interfacial angle is measured between face normals. 
 
The law constant of interfacial angles holds for any two 
crystals a given species, whether they are natural or man-
made, regardless of size or provenance. 

“The First Law of Crystallography” 
Steno’s Law of Constant Interfacial Angles (1669) 







Steno’s Law of Constant Interfacial Angles 

http://www.geo.umn.edu/courses/2301/fall2003/Steno.jpg 

Niels Stensen 
Nicolai Stenonis 
Nicholas Steno 

1628-1686 



The law of constant interfacial angles 
[Nicolas Steno (Niels Stensen), 1669; Jean-Baptiste Romé de l’Isle, 1793] 

S.C. Nyburg (1961). X-Ray Analysis of Organic Structures. New York: Academic Press. 

“The first law of crystallography” 



Hooke (1665) Steno (1669) 

Cecil Schneer (1960). Kepler's New Year's Gift of a Snowflake. Isis, 51(4), 531-545. 

Quartz crystals 
(1-7) elevations   

(8-13) cross-sections 



Jean-Baptiste Louis Romé de l’Isle 
(1736-1790) 

 

Pre-Revolutionary French artillery officer 
and by avocation a mineralogist 

 

Confirmed Steno’s Law of 
Constant Interfacial Angles  

with hundreds of mineral crystals. 
 

Essai de Cristallographie (1772) 
and 

Cristallographie (1783). 
http://www.ville-gray.fr/en/tourism-patrimony/culture-celebrities.php  

http://www.mineralogy.eu/bookarchive/r/RomeDeLisle_1783.html  

Confirmation of Steno’s Law of  
Constant Interfacial Angles 



Birefringent Iceland spar (calcite, CaCO3) 

120º 
Q 

g 

http://www.museum.vic.gov.au/scidiscovery/images/mn006328_w150.jpg 
http://gpc.edu/~pgore/myphotos/calcdbl.gif 



"Huygens Principle" considers all points on a wavefront to be sources   
of spherical wavefronts that add up to build the propagating wavefront.  
Huygens realized that if the velocity of light varied with the direction the  
spheres would deform to ellipsoids and thus was able to explain the  
refraction law for crystals such as Iceland Spar. 
 

                      Huygens (1678). Traité de la Lumière. 

Huygens’ principle and birefringent Iceland spar 

Christiaan Huygens (1629-1695) 



http://www.jonathanahill.com/book.php?book_id=1242 

Christiaan HUYGENS.  Traité de la Lumiere. 
Où sont expliquées les causes de ce qui luy arrive dans la reflexion, & dans la refraction.  

Et particulierement dans l’etrange refraction du Cristal d’Islande…. 
Avec un discours de la cause de la pesanteur.  MDCXC (1690). 

Christiaan Huygens (1629-1695) 



http://en.wikipedia.org/wiki/Opticks 
MDCCIV (1704) 

Isaac Newton (1643-1727) 



Birefringent Iceland spar (calcite, CaCO3) 



Calcite (CaCO3) cleavage rhombohedron 
Huygens (1690) 



Cecil Schneer (1960). Kepler's New Year's Gift of a Snowflake. Isis, 51(4), 531-545. 

Huygens’ (1690) calcite cleavage hypothesis 



http://www.star.le.ac.uk/~rw/courses/lect4313.html 

Calcite (CaCO3) birefringence 

o-ray  ordinary ray 
              straight-through 
e-ray  extra-ordinary ray 
              refracted 

 1014{ }  faces

R3c

31m



Monsieur l’Abbé HAÜY 
M.DCC.LXXX.IV 

1784 

Abbé René-Just Haüy 
(1743-1822) 

making goniometric 
measurements on a  

calcite (CaCO3) crystal 

According to Haüy, if three non-coplanar edges of a crystal are taken 
to define the directions of three axes of a coordinate system, then the 
ratios of the axial intercepts of two crystal faces are always found to 
be rational fractions. That is, the lengths of the axial intercepts can be 
expressed as integer multiples of some elementary axial lengths. 

“The Second Law of Crystallography” 
Haüy’s Law of Rational Intercepts (1784) 



Monsieur l’Abbé HAÜY 
M.DCC.LXXX.IV 

1784 

Abbé René-Just Haüy 
(1743-1822) 

making goniometric 
measurements on a  

calcite (CaCO3) crystal 





Contact goniometer 

L.G. Berry and Brian Mason (1959). Mineralogy. San Francisco: W.H. Freeman & Co. 



http://archiwum.wiz.pl/images/duze/1998/07/98072508.JPG 

Abbé René-Just Haüy 
(1743-1822) 

making goniometric 
measurements on a  

calcite (CaCO3) crystal 

Haüy (1784) 
The law of rational intercepts implies 

 “molécules intégrantes”  or unit cells. 
 



Haüy (1784).  “molécules intégrantes” or unit cells 

http://archiwum.wiz.pl/images/duze/1998/07/98072508.JPG 



Development of a trigonal 
scalenohedron 

dogtooth spar crystal 

Development of a cubic 
rhombic dodecahedron 

Two of Haüy’s 1784 drawings of crystal structure models 

International Tables for Crystallography, Vol. A 



trigonal calcite                            cubic halite 
 

Some Haüy constructions of crystal models 
(Abbé René-Just Haüy, 1784) 

L.G. Berry and Brian Mason (1959). Mineralogy. San Francisco: W.H. Freeman & Co. 

cleavage rhombohedron unit cell                     cleavage cube unit cell       



Three of Haüy’s 1784 crystal structure models 

http://reference.iucr.org/dictionary/Main_Page      http://www.utc.fr/~tthomass/Manif/RayonX/images/5hauy.gif 

scalenohedron 

rhombic 
dodecahedron 

pentagonal 
dodecahedron 



x 

y 

z 

α 

γ 
β 

a 

c 

b 

Crystallographic axes and unit cell dimensions 

Right-handed axes 



Crystallographic axes and lattice parameters 

Jenny P. Glusker, with Mitchell Lewis and Miriam Rossi (1994). 
Crystal Structure Analysis for Chemists and Biologists. New York: Wiley-VCH, Inc. 



The Right-Hand Rule 



 

 

   For a relatively large unit cell with dimensions 
a ≈ b ≈ c ≈100 Å = 100 ×10−10 m , 

   the unit cell volume is 
Vcell ≈10

6 Å3 = 10−24 m3. 
 

   And for a relatively small crystal with dimensions 
~100 ×100 ×100 µm = 0.1× 0.1× 0.1mm , 

   the crystal volume is 
vxtal ≈10

−3 mm3 = 10−12 m3. 
 

   Thus, 
vxtal
Vcell

≈1012 , 

   so that, even in a small crystal with a large unit cell, 
   there are on the order of a trillion, i.e., a million 
   millions of unit cells, and some  1012( )1 3= 104  or 
   ten thousand unit cells along each crystal edge! 
 

Unit cell and crystal sizes	





 

Solvent volume fraction and Matthews coefficient in protein crystals 
 
 

fsolv =
Vsolv

Vcell

= 1−
Vprot

Vcell

= 1 − 
Z M r mu vprot

−2410   Vcell

 = 1 − 1.23  Z M r

 Vcell

 
 

  Vcell   unit cell volume (Å3),  
  M r    molar mass (Da) of protein in the asymmetric crystal chemical unit,  
  Z      number of asymmetric crystal chemical units per unit cell, 
  mu    atomic mass constant, mu = m

12C( ) 12 =1.66 ×10−24g Da−1 ,  and 
  vprot   partial specific volume of the protein, which is assumed to be the same from one 
          protein to the next, and the same in hydrated crystals as in aqueous solution. 
 

vprot =
1
M r

∂V
∂nprot

⎛

⎝⎜
⎞

⎠⎟P,T , nsolv
≈ 0.74 mm3 mg−1 , 1

vprot
≈1.35 mg mm−3  

 
The quantity VM =Vcell ZM r( )  is called the Matthews coefficient. 

 

1.6 Å3 Da−1 < VM < 4.9 Å3 Da−1 , VM ≈ 2.2 Å3 Da−1

25% < fsolv < 75% , fsolv ≈ 45%
 

 

 

Matthews, B.W. (1968).  Solvent Content of Protein Crystals.  J. Mol. Biol. 33, 491-497. 
 

Kantardjeff, K., & Rupp, B. (2003).  Matthews coefficient probabilities:  Improved estimates for unit cell 
contents of protein, DNA, and protein-nucleic acid crystals.  Protein Science, 12, 1865-1871. 

http://ruppweb.dyndns.org/mattprob/ 



Bulk Solvent Correction 
 

  Protein crystals average ~50% by volume bulk solvent, much of it liquid-like water. 
 

  The protein and bulk solvent regions have 
 

ρprot ≈ 0.43 e Å−3 and 0.33 e Å−3

pure H2O
< ρsolv < 0.41 e Å−3

4-M NH4( )2SO4

~ half sat'd

 

 

  The protein and solvent regions are Babinet-complimentary, opposite-phase scattering 
  masks.  Thus, 

Ftotal = Fprot + Fsolv ,

Fsolv ≈ −Fprot ksolv exp −2π 2 usolv
2

dhkl
2

⎛

⎝
⎜

⎞

⎠
⎟ ,

Ftotal ≈ Fprot 1− ksolv exp −2π 2 usolv
2

dhkl
2

⎛

⎝
⎜

⎞

⎠
⎟

⎡

⎣
⎢
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⎤

⎦
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= Fprot 1− ksolv exp −Bsolv

sinθhkl

λ
⎛
⎝⎜
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⎤
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  where 
B = 8π 2 u2  . 

 

  Typical values for the bulk solvent parameters are 
 

ksolv ≈
ρsolv

ρprot

2.5 < usolv
2 < 5 Å2

0.75 < ksolv < 0.95 200 < Bsolv < 400 Å2

 

   



The seven crystal systems 
and fourteen Bravais lattices 

Auguste Bravais 
1811-1863 

http://www.utc.fr/~tthomass/Manif/RayonX/images/5bravais.gif 



System Defining Symmetry Unit Cell Conditions 

Triclinic 1-fold identity or inversion symmetry none 

Monoclinic one 2-fold rotation or roto-inversion axis α = γ  = 90° 

Orthorhombic three perpendicular 2-fold rotation 
or roto-inversion axes 

α = β = γ  = 90° 

Tetragonal one 4-fold rotation or roto-inversion axis       a = b           α = β = γ  = 90°  

Trigonal one 3-fold rotation or roto-inversion axis H:  a = b           α = β = 90°, γ  = 120° 
R:  a = b = c     α = β = γ < 90° 

Hexagonal one 6-fold rotation or roto-inversion axis       a = b           α = β = 90°, γ  = 120° 

Cubic four intersecting 3-fold axes       a = b = c     α = β = γ = 90° 

The Seven Crystal Systems 

  

Roto - inversion axes
1 ≡ i
2 ≡ m
3 ≡ 3 + i
4
6 ≡ 3 / m

  

Roto - inversion axes
1 ≡ i
2 ≡ m
3 ≡ 3 + i
4
6 ≡ 3 / m



The 14 Bravais lattices 

http://dcssi.istm.cnr.it/Macchi/lectures_MISMI/Chimica%20Strutturale/images/bravais.jpg 



The 14 Bravais lattices 

(anorthic) 
triclinic 

monoclinic 

orthorhombic 

tetragonal 

cubic 

rhombohedral 

trigonal 

International Tables for Crystallography, Vol A. 



http://www.klingereducational.com/products/crystal_models/set_of_14_bravais_type_structu/set142.jpg  
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Models of the 14 Bravais lattices 



 

7  crystal systems
14  Bravais lattices

 6  primitive
 8  centered

⎧
⎨
⎩

32  crystallographic point groups

11  centrosymmetric - Laue groups

 11  noncentrosymmetric,  chiral
 10  noncentrosymmetric,  polar

⎧
⎨
⎩

⎧

⎨
⎪

⎩
⎪

230  space groups 

   93  centrosymmetric
24  Patterson space groups

137  noncentrosymmetric

65  chiral (enantiomorphic) space groups
72  polar space groups

⎧
⎨
⎩

⎧

⎨

⎪
⎪⎪

⎩

⎪
⎪
⎪

Crystallographic Symmetries Hierarchy 



http://kr.cs.ait.ac.th/~radok/physics/ 
http://kr.cs.ait.ac.th/~radok/physics/d2.htm#definite%20direction 

Rainer Radok, 1.10.2001, radok81@bkk2.loxinfo.co.th 
28/2 Mu 13 Nongnae 24120, Thailand 

038-523492 
http://en.wikipedia.org/wiki/Arnold_Berliner 

www.austms.org.au/Gazette/2005/Mar05/radok.pdf 

1-, 2-, and 3-D lattices 



                       
g  

http://kr.cs.ait.ac.th/~radok/physics/ 



http://kr.cs.ait.ac.th/~radok/physics/ 



http://kr.cs.ait.ac.th/~radok/physics/ 



http://kr.cs.ait.ac.th/~radok/physics/ 



Goodsell & Olsen (2000). Ann. Rev. Biophys. Biomol. Struct. 29, 105. 

Crystallographic point groups of protein homooligomers 



Fast growing faces “grow out of the crystal.” 

Crystal habit is variable, 
depending on crystal growth conditions, 

but interfacial angles are constant. 

C.W. Bunn (1961). Chemical Crystallography, 2nd ed. Oxford University Press. 



Some symmetric cubic crystal habits 

Vincenzo De Michele (1967). Crystals: Symmetry in the Mineral Kingdom. Novara Italy: Instituto Geografico De Agonistini.  



Some additional symmetric cubic crystal habits 

Vincenzo De Michele (1967). Crystals: Symmetry in the Mineral Kingdom. Novara Italy: Instituto Geografico De Agonistini.  



Protein crystals are not perfect inside 

Phenomena of mosaicity and twinning  
complicate data collection  



http://escher.epfl.ch/eCrystallography/ 



Alternative primitive unit cells for a given point lattice 

F.C. Phillips (1956). An Introduction to Crystallography, 2nd ed. London: Longmans, Greene & Co., Ltd. 



Henry S. Lipson (1970). Crystals and X-Rays. London: Wykeham Publications. 

Alternative primitive unit cells in the same space lattice 



one face-centered (D), two side-centered (E,F), and three primitive cells (A,B,C) 
Alternative unit cells on a given plain lattice: 



http://www.meta-library.net/cqmedia/esch-body.html 
M.C. Escher (1952).  Cubic Space Division 



S.C. Nyburg (1961). X-Ray Analysis of Organic Structures. New York: Academic Press. 

 unit cell for the same lattice shown above 
\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\ 

Alternative primitive unit cells in the same space lattice 



S.C. Nyburg (1961). X-Ray Analysis of Organic Structures. New York: Academic Press. 

(a)  A centered lattice and unit cell have 
(b)  an equivalent primitive lattice and unit cell  

Primitive and Centered Lattices and Unit Cells 



S.C. Nyburg (1961). X-Ray Analysis of Organic Structures. New York: Academic Press. 

Two different families of lattice planes in the same lattice 



Henry S. Lipson (1970). Crystals and X-Rays. London: Wykeham Publications. 

Lattice points, lattice rows, and lattice planes 

 or rows 
a 

b 

c 

0 



Henry S. Lipson (1970). Crystals and X-Rays. London: Wykeham Publications. 

Families of equidistant lattice planes  
pass through all the lattice points. 

0 
a 

c 

b 



Henry S. Lipson (1970). Crystals and X-Rays. London: Wykeham Publications. 

Every family of lattice planes passes through all the lattice points. 



Some Cubic Lattice Planes 

http://en.wikipedia.org/wiki/Miller_index 



Max Perutz, Nobel Lecture (1962). 

Actual and Virtual Lattice Planes 

composite 
indices 
have a  

common 
factor > 1 



http://www.doitpoms.ac.uk/tlplib/miller_indices/lattice_index.php 



http://escher.epfl.ch/eCrystallography/print.php 

h1      h1k1l1    1 0 0 
h2     h2k2l2    1 3 0 
h3     h3k3l3   -1 2 0 

 a 
b 

Families of equally spaced lattice planes 

  

d1 > d3 > d2

d100 > d  -120 > d130

The higher the indices, the smaller the interplanar spacing, 
and the lower the reticular density. 



lattice points 
lattice planes 

Haüy’s Law of Rational Indices (1783) 
and 

Miller indices (1839) 

C.W. Bunn (1961). Chemical Crystallography, 2nd ed. Oxford University Press. 

Lattice Points, Lattice Lines, Lattice Planes, and Rational Indices 



http://escher.epfl.ch/eCrystallography/print.php 

Lattice planes define the crystal faces. 

a 
b 

 (100)

 (100)

 (130)

 (130) (120)

 (010)



Miller Indices and Reticular Density 

http://en.wikipedia.org/wiki/Miller_index 



Charles W. Bunn (1964). Crystals: Their Role in Nature and in Science.  New York: Academic Press. 

a 

b (100) 

 (310)

Crystal faces are lattice planes with:  
    � small Miller indices, 
    � large interplanar spacing, and 
    � high reticular density. 



Indexing Lattice Axes [uvw] and Lattice Planes (hkl ) 

http://en.wikipedia.org/wiki/Miller_index 



http://hays.outcrop.org/GSCI310/lecture8.html 

Miller indices of some cubic crystal faces 



http://hays.outcrop.org/GSCI310/lecture8.html 

Some faces of a truncated cube 



S.C. Nyburg (1961). X-Ray Analysis of Organic Structures. New York: Academic Press. 



http://hays.outcrop.org/GSCI310/lecture8.html 

Three-index (hkl ) Trigonal or Hexagonal Indexing 



http://hays.outcrop.org/GSCI310/lecture8.html 

Four-index  (h k i l ) = (h, k, -h-k, l )  Hexagonal Indexing 



Four-index  ( h k i l  ) = ( h, k, -h-k, l )  Hexagonal Indexing 

http://en.wikipedia.org/wiki/Miller_index 



http://hays.outcrop.org/GSCI310/lecture8.html 

Development of a zone of crystal faces  { hkl } = { h0l } 
Around a zone axis  [uvw] = [010] 

A  (100) 
B  (010) 
C  (001)   

T (101)   

Q  (102) 



(210) 

(110) 

(130) 
(350) 

(110) 

(210) 

a 
b 

Crystal face development by omitted stacks of unit cells 

F.C. Phillips (1956). An Introduction to Crystallography, 2nd ed. London: Longmans, Greene & Co., Ltd. 

a 
b 



http://www.quartzpage.de/gen_struct.html  

Enantiomorphic pairs of low quartz (α-SiO2) crystals 



 

m = 1010{ } = 1010( ) , 0110( ) , 1100( ) , 1010( ) , 0110( ) , 1100( )
r = 1011{ } = 1011( ) , 0111( ) , 1101( ) , 1011( ) , 0111( ) , 1101( )
z = 0111{ } = 0111( ) , 0111( ) , 1101( ) , 1011( ) , 0111( ) , 1101( )
s = 2111{ } left, 1121{ } right

x = 6151{ } left, 5161{ } right

Enantiomorphic low quartz (α-SiO2) crystals 



An enantiomorphic pair of chiral, hemihedral, 
low quartz, α-SiO2, crystals 

 

à la bicapped “Herkimer diamonds” 

enantiomorph  from εναντιος (enantios) “opposite” + µορφη (morphe) “form” 
 

chiral, chirality  from χειρ (cheir) “hand” 
 

hemihedral “half the faces” from ηµι (hemi) “half” + εδρον (edron) “seat, base, or face” 

http://cabierta.uchile.cl/revista/3/chiral1.jpg 



    left-handed            right-handed 
  dextro-rotatory         levo-rotatory 

(Photograph from Vladimir Prelog’s Chemistry Nobel Lecture in 1975) 

Enantiomorphic pairs of low quartz (α-SiO2) crystals 



Enantiomorphic pair of sodium ammonium tartrate crystals 
Na+NH4

+[(−)O2C-CH(OH)-CH(OH)-CO2
(−)]2− 

 

à la Louis Pasteur (1849) 

The “cornerstones” of systematic stereochemistry 

http://en.wikipedia.org/wiki/Louis_Pasteur 
Charles W. Bunn (1964). Crystals: Their Role in Nature and in Science.  New York: Academic Press 



http://www.mcescher.com/ 



                   Miller indices (hkl ) of crystal faces 
 

 1.  Choose as crystal axes three non-coplanar crystal edges or directions.  
      In particular, choose evident symmetry directions. 
 

 2.  Choose as a unit plane or parametral plane a crystal face that intersects 
      all three axes. 
 

 3.  From goniometric measurements of the interfacial angles, deduce the  
      relative lengths  a, b, c  of the intercepts of the parametral plane on the  
      crystal axes, i.e., the axial or parametral ratios  a : b : c . 
 

 4.  Determine the intercepts  pa, qb, rc  of the crystal faces on the crystal axes, 
      where  p, q, and r  are small integers or infinity.  Thence determine the 
      Miller indices  (hkl )  of the crystal faces as the smallest co-prime integer values 
      of the fractions-cleared reciprocals of the intercept multiples 
 
 
 
 
 Different observers might choose different crystal axes and parametral planes and 
 hence determine different internally consistent sets of indices. 

 
h ∝ 1

p
, k ∝ 1

q
, l ∝1

r
.



Miller indices of crystal faces 

Harold P. Klug and Leroy E. Alexander (1974). X-Ray Diffraction Procedures for  
Polycrystalline and Amorphous Materials.  New York: John Wiley. 



F.C. Phillips (1956). An Introduction to Crystallography, 2nd ed. London: Longmans, Greene & Co., Ltd. 



The Law of Rational Indices 
(Haüy, 1784) 

The faces of a crystal have indices (i.e., reciprocals 
of the face intercepts on the crystallographic axes) 
that stand in the ratio of small whole numbers. 

A well-developed 
(NH4)2SO4 

crystal 

“The second law of crystallography” 

C.W. Bunn (1961). Chemical Crystallography, 2nd ed. Oxford University Press. 

Abbé René-Just Haüy 
(1743-1822) 

making goniometric 
measurements on a 

calcite crystal 



Axial ratios from interfacial angles 

b/c = tanθ  

C.W. Bunn (1961). Chemical Crystallography, 2nd ed. Oxford University Press. 



Axial ratios from interfacial angles 

S.C. Nyburg (1961). X-Ray Analysis of Organic Structures. New York: Academic Press. 

  

a
b
= tan 56°4 ′4

2
⎛
⎝⎜

⎞
⎠⎟
= 0.5399



Contact goniometer 

L.G. Berry and Brian Mason (1959). Mineralogy. San Francisco: W.H. Freeman & Co. 



Optical goniometer 

L.G. Berry and Brian Mason (1959). Mineralogy. San Francisco: W.H. Freeman & Co. 



Stereographic projection 

C.W. Bunn (1961). Chemical Crystallography, 2nd ed. Oxford University Press. 



In 1888, Groth was the first to suggest the  
possibility that spherical atoms reside at 
equivalent positions of space lattices. 

Paul Heinrich Ritter von Groth 
1843-1927 

(in fünf Bänden, 1883) 









Protein crystals are not perfect inside 

Phenomena of mosaicity and twinning  
complicate data collection  





http://escher.epfl.ch/rlattice/ 



http://www.mcescher.com/ 



http://www.mcescher.com/ 



http://www.mcescher.com/ 



http://www.mcescher.com/ 

p1 
with 
color 

p3 
ignoring 

color 



http://www.mcescher.com/ 

p3 
with 
color 

p6 
ignoring 

color 



http://www.mcescher.com/ 

p1 



http://www.mcescher.com/ 

p1 
square 



http://www.meta-library.net/cqmedia/esch-body.html 
M.C. Escher (1952).  Cubic Space Division 



http://www.mcescher.com/Gallery/recogn-bmp/LW403.jpg 

M.C. Escher (1955).  Depth 



Goodsell & Olsen (2000). Ann. Rev. Biophys. Biomol. Struct. 29, 105. 

Crystallographic point groups of protein multimers 





Δφ 

θ 

   


k0 =

ŝ0

λ    


k = ŝ

λ

  hkl=120

  
sinθhkl =

λ
2dhkl

Alexander McPherson (2003). Introduction to Macromolecular Crystallography.  New York: Wiley-Liss. 
(e.g., chloroacetic acid, Cl CH2CO2H) 

a 

b 

λ



   


k0 =

ŝ0

λ

   


k = ŝ

λ

  hkl=120

  

dhkl
∗

Alexander McPherson (2003). Introduction to Macromolecular Crystallography.  New York: Wiley-Liss 



Alexander McPherson (2003). Introduction to Macromolecular Crystallography.  New York: Wiley-Liss 

Δdhkl Δϕhkl

0 0
d 4 π 2
d 2 π
3d 4 3π 2
d 2π





Bragg reflection from families of parallel hkl lattice planes 

http://www.phy.ntnu.edu.tw/~changmc/Teach/SS/SSGI.htm 

  
2dhkl sinθ = nλ , 2

dhkl

n
⎛
⎝⎜

⎞
⎠⎟

sinθ = λ , 2dnhnk nl sinθ = λ

hkl 

π
2 −θ

θ 



  

Wm. Henry & Wm. Lawrence Bragg (1913) 2d sinθ = λ

Paul Peter Ewald (1913) sinθ = 1
d
λ
2
= 1

d
⎛
⎝⎜

⎞
⎠⎟

2
λ

⎛
⎝⎜

⎞
⎠⎟

⎧
⎨
⎪

⎩⎪

The Ewald construction 

1
dhkl

Leonid V. Azároff (1968). Elements of X-ray Crystallography. McGraw-Hill Book Co. 

hkl

   θ  Bragg angle 
2θ  Scattering angle 



The sum of angles in a plane triangle 
equals a straight angle. 

  

′A ′B  AB
′α =α
′β = β

′α + γ + ′β =α + β + γ = π



Thales Theorem 
 

Any angle subtended by the diameter of a circle is a right angle. 

α + β + α + β( ) = π
2α + 2β = π

α + β = π
2

   

O A B 

C 

α β 

β α 



Crystallographic axes and lattice parameters 

Jenny P. Glusker, with Mitchell Lewis and Miriam Rossi (1994). 
Crystal Structure Analysis for Chemists and Biologists. New York: Wiley-VCH, Inc. 


