
Crystallographic Diffraction 
 

Laue diffraction from a three-dimensional abc lattice grating 
 

 

a cosν1 − cosµ1( ) = a i ŝ − ŝ0( ) = hλ
b cosν2 − cosµ2( ) = b i ŝ − ŝ0( ) = kλ
c cosν 3 − cosµ3( ) = ci ŝ − ŝ0( ) = lλ

 

 

Max Laue, Walther Friedrich, and Paul Knipping (1912). 
 

Bragg reflection from families of parallel hkl lattice planes 
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William Henry and William Lawrence Bragg (1913).  (Father and son) 
 

Integrated Bragg reflection intensities 
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Charles G. Darwin (1914).  (Grandson of the author of the theory of evolution) 



  

a cosν1 − cosµ1( ) = ai ŝ− ŝ0( ) = hλ
b cosν2 − cosµ2( ) = bi ŝ− ŝ0( ) = kλ
c cosν3 − cosµ3( ) = ci ŝ− ŝ0( ) = l λ

Crystallographic	  diffrac1on	  

Laue	  transmission	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  Bragg	  reflec1on	  

Clegg,	  Blake,	  Gould	  &	  Main	  (2001).	  Crystal	  Structure	  Analysis:	  Principles	  and	  Prac4ce,	  IUCr/Oxford	  Univ.	  Press.	  
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Rayleigh-Thomson scattering 
Laue diffraction and Bragg reflection 

  2d sinθ = nλ
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interference	  
crest	  on	  crest	  

trough	  on	  trough	  
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hLp://commons.wikimedia.org/wiki/File:Diffusion_rayleigh_et_diffrac1on.png	  
hLp://commons.wikimedia.org/wiki/File:Loi_de_bragg.png	  Christophe	  Dang	  Ngoc	  Chan	  	  



hLp://www.eio.com/repairfaq/sam/diffract.gif	  

d = 5.5λ
d sinθn = nλ

Huygens construction for a diffraction grating with  d = 5.5 λ  



Huygens constructions for diffraction 
by a grating or by a lattice row 

Martin J. Buerger (1962). X-Ray Crystallography. New York: John Wiley & Sons, Inc.. 
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ŝ0

ŝ
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!a i ŝ0 =
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Laue diffraction by a three-dimensional lattice grating 

 

a cosν1 − cosµ1( ) = a i ŝ − ŝ0( ) = hλ
b cosν2 − cosµ2( ) = b i ŝ − ŝ0( ) = kλ
c cosν3 − cosµ3( ) = c i ŝ − ŝ0( ) = lλ

Martin J. Buerger (1962). X-Ray Crystallography. New York: John Wiley & Sons, Inc. 



hLp://pubs.usgs.gov/of/2001/of01-‐041/htmldocs/images/beam.jpg	  

 

ABC = ADC = 90°
ACB = ADB = 90°−θ
BAC = DAC = θ
AC = d
BC = DC = d sinθ

The	  Bragg	  Law	   2d sinθ = nλ



The	  W.	  H.	  Bragg	  Spectrometer	  and	  the	  W.	  L.	  Bragg	  Law	  



hLp://www.diamond.ac.uk/Home/News/LatestNews/02-‐09-‐14.html	  



hLp://hyperphysics.phy-‐astr.gsu.edu/hbase/quantum/bragg.html	  

Bragg’s	  law	  describes	  construc1ve	  interference	  of	  X-‐ray	  
waves	  scaLered	  by	  a	  crystal	  as	  specular	  reflec1on	  from	  

	  families	  of	  parallel	  crystal	  la[ce	  planes	  



Bragg reflection from families of parallel hkl lattice planes 

http://www.phy.ntnu.edu.tw/~changmc/Teach/SS/SSGI.htm 
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2d sinθ1 = λ

2d sinθ2 = 2λ

2d sinθ3 = 3λ

1st order 

2nd order 

3rd order 

Orders of Bragg reflection from a family of parallel hkl lattice planes 

http://www.bruker-axs.de/fileadmin/user_upload/xrfintro/sec1_8.html 



S.C. Nyburg (1961). X-Ray Analysis of Organic Structures. New York: Academic Press. 
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Bragg reflections from a family of parallel hkl lattice planes 

2dhkl sinθ1 = λ 2dhkl sinθ2 = 2λ
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First	  order	  reflec1on	  
n	  =	  1	  

Second	  order	  reflec1on	  
n	  =	  2	  



Charles	  W.	  Bunn	  (1964).	  Crystals:	  Their	  Role	  in	  Nature	  and	  in	  Science.	  	  New	  York:	  Academic	  Press	  
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Monochroma1c	  X-‐ray	  diffrac1on	  



Charles	  W.	  Bunn	  (1964).	  Crystals:	  Their	  Role	  in	  Nature	  and	  in	  Science.	  	  New	  York:	  Academic	  Press	  

210 

310 

410 

a 
b 

λ1 
λ2 

λ3   
sinθ =

nλ
2d

Polychromatic X-ray diffraction 

  

d210 > d310 > d410

λ1 > λ2 > λ3



According to the Bragg law  2dhkl sin θhkl = λ ,  the discrete lattice spacings  dhkl  select 
discrete monochromatic wavelengths  λi = 2dhkl (sin θhkl)   from a polychromatic X-ray beam. 

Polychroma1c	  X-‐ray	  diffrac1on	  

110	  
	  
	  
	  
210	  
	  
	  

310	  
	  

410	  
	  

510	  

d110 > d210 > d310 > d410 > d510
θ1 > θ2 > θ3 > θ4 > θ5
λ1 > λ2 > λ3 > λ4 > λ5

NaCl	  



Bragg	  reflec1on	  from	  families	  of	  parallel	  hkl	  la[ce	  planes	  

hLp://www.phy.ntnu.edu.tw/~changmc/Teach/SS/SSGI.htm	  
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The Bragg Law 
2 dhkl sin θ = n λ 

π
2 −θ

λ	  

Robert	  M.Sweet	  (1985).	  Introduc1on	  to	  Crystallography.	  In	  Methods	  in	  Enzymology,	  v.114.	  

θ	   θ	  



Robert	  M.	  Sweet	  (1985).	  Introduc1on	  to	  Crystallography.	  In	  Methods	  in	  Enzymology,	  v.114.	  
  

Wm. Henry & Wm. Lawrence Bragg (1913) 2d sinθ = λ
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Paul	  Peter	  Ewald	  
1888-‐1985	  

hLp://sandwalk.blogspot.com/2008/03/nobel-‐laureates-‐sir-‐william-‐henry-‐bragg.html	  
hLp://wwwuser.gwdg.de/~nprofwg/ForeignScien1sts.html	  

	  	  θ	  	  Bragg	  angle	  
2θ	  	  ScaLering	  angle	  

The	  Ewald	  construc1on	  for	  the	  Bragg	  reflec1on	  law	  



The	  sum	  of	  angles	  in	  a	  plane	  triangle	  equals	  a	  straight	  angle.	  

  

′A ′B ! AB
′α =α
′β = β

′α + γ + ′β =α + β + γ = π



Thales	  Theorem	  
	  

Any	  angle	  subtended	  by	  the	  diameter	  of	  a	  circle	  is	  a	  right	  angle.	  
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Leonid	  V.	  Azároff	  (1968).	  Elements	  of	  X-‐ray	  Crystallography.	  McGraw-‐Hill	  Book	  Co.	  

hkl

	  	  	  θ	  	  Bragg	  angle	  
2θ	  	  ScaLering	  angle	  

The	  Ewald	  construc1on	  for	  the	  Bragg	  reflec1on	  law	  



Harold	  P.	  Klug	  and	  Leroy	  E.	  Alexander	  (1954).	  X-‐Ray	  Diffrac4on	  Procedures	  for	  	  
Polycrystalline	  and	  Amorphous	  Materials.	  	  New	  York:	  John	  Wiley.	  
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2θ	  	  ScaLering	  angle	  

ρ = 1
dhkl

The	  Ewald	  construc1on	  for	  the	  Bragg	  reflec1on	  law	  

ρ



W.L.	  Bragg,	  The	  Development	  of	  X-‐Ray	  Analysis	  (revised	  edi1on).	  New	  York:	  Dover	  Publica1ons,	  Inc.,	  1992.	  



The Ewald construction 

http://www.msm.cam.ac.uk/doitpoms/tlplib/xray-diffraction/ 
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Leonid	  V.	  Azároff	  (1968).	  Elements	  of	  X-‐ray	  Crystallography.	  McGraw-‐Hill	  Book	  Co.	  
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	  	  	  θ	  	  Bragg	  angle	  
2θ	  	  ScaLering	  angle	  

The	  Ewald	  construc1on	  for	  the	  Bragg	  reflec1on	  law	  



The	  Ewald	  construc1on	  on	  the	  reciprocal	  la[ce	  
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sinθ = 12
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d( ) 1
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2θ	


hLp://mic.ucla.edu/x-‐ray%20diffrac1on/tutorials.htm	  

 1

  1 /λ
1/d	  



R.W.	  James	  (1982).	  The	  Op4cal	  Principles	  of	  the	  Diffrac4on	  of	  X-‐rays.	  Woodbridge,	  Conn.:	  Ox	  Bow	  Press	  	  
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The	  Ewald	  construc1on	  on	  the	  reciprocal	  la[ce	  
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John Desmond 
Bernal 

1901-1971 



The Ewald sphere along side an Escher sphere 

Ewald	  
sphere	  

Ewald	  
sphere	  

hVp://www.worldofescher.com/gallery/HandWithSphere.html	  W.L.	  Bragg,The	  Development	  of	  X-‐Ray	  Analysis.	  Dover,	  1992.	  



hLp://www.xtal.iqfr.csic.es/Cristalografia/parte_04-‐en.html	  

Reciprocal	  la[ce	  points	  
Reciprocal	  la[ce	  vectors	  

Direct	  la[ce	  planes	  

Geometrical	  construc1on	  of	  a	  reciprocal	  la[ce	  



Geometrical	  construc1on	  of	  a	  reciprocal	  la[ce	  

hLp://ictwiki.iitk.ernet.in/wiki/index.php/Unit-‐2:_Introduc1on_to_X-‐ray_diffrac1on	  	  
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hLp://www.ruppweb.org/Xray/tutorial/spcdiff.htm	  	  

An	  orthorhombic	  reciprocal	  la[ce	  



hLp://www.mete.metu.edu.tr/pages/tem/TEMtext/TEMtext.html	  

Direct	  and	  reciprocal	  la[ce	  for	  an	  FCC	  unit	  cell	  



hLp://www.humboldt.edu/~gdg1/recip.html	  
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hLp://www.doitpoms.ac.uk/tlplib/xray-‐diffrac1on/reciprocal1.php	  
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Primitive parallelogram lattice 



hLp://www.doitpoms.ac.uk/tlplib/xray-‐diffrac1on/reciprocal1.php	  
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Centered rectangular lattice 



110 reciprocal lattice point 

110 lattice planes 

! 
     

N.B.  In all crystal systems :
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a	  point	  in	  reciprocal	  space.	  



orthorhombic 

monoclinic triclinic 

George H. Stout and Lyle H. Jensen (2003). X-Ray Structure Determination. John Wiley and Sons, Inc. 
     

N.B.  In all crystal systems :
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V = ai i a j× ak( ) = ai× a j( )iak , i, j,k = 1,2,3 

V = ai b × c( ) = bi c × a( ) = ci a × b( ) = a × b( )ic = b × c( )ia = c × a( )ib

a*i =
a j× ak

ai i a j× ak( ) =
a j× ak
V , i, j,k = 1,2,3 

a*i ia j = δ
i
j =

1 , if i = j
0 , if i ≠ j

⎧
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⎪
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a* = b × cV , b* = c × aV , c* = a × bV

e.g., 
a*ia = b × c

V
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V =

ai b × c( )
V = VV = 1
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V
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u × v ≡ u v sinθ n̂ ⇒ u × u = 0

Direct-lattice  a, b, c  and reciprocal-lattice  a*, b*, c*  basis vectors 

Dual vector spaces 
Josiah Willard Gibbs (1881).  Paul Peter Ewald (1913, 1931). 



The Braggs’ first crystal structures (1913) 

NaCl 
rock salt 

halite 

diamond 

http://newton.ex.ac.uk/research/qsystems/people/sque/diamond/structure/structure.html 

ZnS 
zinc blende 
spahlerite 

KCl 
sylvite 



A 

A 

B 

HCP 
ABA… 

CCP = FCC 
ABCA… 

Closest packing of spheres (Kepler’s conjecture, 1611) 

http://www.ncl.ox.ac.uk/icl/heyes/structure_of_solids/Lecture1/Lec1.html 



William Barlow (1898) and William Jackson Pope (1906) 

hcp 
ABA… 

ccp 
fcc 
ABCA… 

Hypothe^cal	  crystal	  structures	  based	  on	  sphere-‐packing	  

NaCl	  
interpenetra^ng	  

fcc	  



NaCl formula unit, Na+ Cl−( )6×1
6

, Cl− Na+( )6×1
6

, M r = 23.0 + 35.5 = 58.5 Da

Interpenetrating face-centered cubic unit cell, Zcell = 4NaCl

corner Na+

8 × 1
8( ) + 6 × 1

2( )
face Na+

= 1+ 3 = 4
Na+

Cl−
⎧
⎨
⎩⎪

and 12 × 1
4( )

edge Cl−
+ 1

center
Cl−

= 3+1= 4
Cl−

Na+

⎧
⎨
⎩⎪

 

sinθhkl =
nλ
2dhkl

dhkl = a0 h2+ k2+ l2

d100 = a0
d110 = a0 2 = 0.707a0
d111 = a0 3 = 0.577a0
d200 = a0 2

d210 = a0 5 = 0.447a0
d211 = a0 6 = 0.408a0


a0 = Vcell
3

= ZcellM r

ρm NA

3

= 4 × 58.5 ×1024Å3

2.16 × 6.02 ×1023
3

= 5.63Å

a0	  


