Crystallographic
Fourier Analysis



Crystallographic Diffraction

Laue diffraction by a three-dimensional abc lattice grating

a(cosv,—cos, J)=a«(8§-8,)=hA
b(cosv,—cos,)=be+(§—8,)=kA
¢ (cosv,—cos,)=c+(5§-8§,)=11

Walther Friedrich, Paul Knipping, and Max Laue (1912).

Bragg reflection from families of parallel 4kl lattice planes
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William Henry and William Lawrence Bragg (1913). (Father and son)

Integrated Bragg reflections
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Charles G. Darwin (1914). (Grandson of the author of the theory of evolution)




Fourier analysis of crystal structure

“[Another fundamental early] contribution appeared in my
father’ s Bakerian Lecture ! in 1915; a quotation from it will
show its significance:

‘Let us imagine then that the periodic variation of

density [in the crystal] has been analyzed into a

series of periodic terms. The coefficient of any term

will be proportional to the intensity 2 of the reflexion

to which it corresponds.’

[This] was the start of [crystallographic] Fourier analysis...” 3

T wm. Henry Bragg. The Bakerian Lecture, 1915. X-Rays and Crystals.
Philosophical Transactions of the Royal Society of London. Series A,
Containing Papers of a Mathematical or Physical Character, Vol. 215,
pp. 253-274 (13 July 1915).

2 |n fact, not the the intensity but rather the amplitude,

3 Wm. Lawrence Bragg. The Rutherford Memorial Lecture, 1960. The
Development of X-Ray Analysis. Proceedings of the Royal Society of

London. Series A, Mathematical and Physical Sciences, Vol. 262, No.

1309, pp. 145-158 (4 July 1961).




Fourier had shown in 1807 that a periodic function can be
represented by a harmonic sum of sines and cosines.

It f(x)=f(xt2nm),
then f(x)= % +ia cos(nx)+b, sin(nx)
1 ¢+n
a, = I f(x)dx
a, —% .j:f(x)cos(nx)dx
b, = % j:f(x) sin (nx)dx




(Jean-Baptiste-) Joseph FOURIER, 1768-1830.
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“Mémoire sur la propagation de la Chaleur dans les corps solides,
présenté le 21 décembre 1807 a I’ institute national.” Nouveau
Bulletin des sciences par la Sociéeté philomathique de Paris, N°. 6,
Paris (Bernard), March 1808, pp. 112-116.



Fourier (1807). Memoir on the conduction of heat in solid bodies.
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Fourier (1807) translated...

“... one has

l o] 3 . (5
¢(y)=acos STy |+d'cos| my |+a”cos| Sy |+

20+1

Multiplying both sides by cos( ny), and integrating from

y=—1 to y=+1 yields

+1
a; = J:l (p(y)cos( ﬂy)dy ,

since it is easy to show that the integral

+ 2i+1 21" +1
J COS > Ty |cos > y |dy

20+1

-1

is equal to zero, except in the case i"=i where it equals 7.

Oeuvres de Fourier, publiées par les soins de M. Gaston Da,rboux (1842-1917),
sous les auspices du ministére de I'Instruction publique au ministére de I’ Education nationale de France...,
Gauthier-Villars (Paris), 1888-1890. Bibliothéque nationale de France.



The “fundamental theorem” of structural crystallography

The fundamental theorem of arithmetic
Every integer has a unique expression as a product of primes.

The fundamental theorem of algebra
Every univariate polynomial of degree n has exactly n zeros.

The fundamental theorem of the calculus
If the derivative of f(x ) is g( ), then the integral of g(x) is f(x).

—f( (x) = [e()dx=r()] =f(b)-fa) = [g(x)dx=r(x)+

The “fundamental theorem” of structural crystallography

The crystal structure factors F,,, in diffraction or reciprocal 4kl space and the
unit-cell scattering density distribution p(x,y,z) in crystal or direct xyz space are
related by Fourier transformation,

.7:[Fhk,] = p(x,y,z) Fourier synthesis

o F
F =|F el(phkl —> xX,9,2
hk | hkl’ ]<____1 P( y ) {]—"I[P(X,yaz)]:Fhkz Fourier analysis

where the |Fhkl| and @, are, respectively, the amplitudes and phases of the Laue-Bragg
scattered beams of radiation diffracted by a crystal.




The “fundamental theorem” of structural crystallography
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Sines and Cosines

Sinusoids,
Sinusoidal Properties,
and
Sinusoid Superpositions

The Euler Relationship
eX=cos x+isinx



Trigonometric functions defined on a right triangle

B
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Adjacent
A C
b
Gin A = Opposite _ a
Hypotenuse ¢
COSA = Adjacent _ b >~ 'soh-cah-toa"
Hypotenuse ¢
_Opposite _a _ sinA
tan A = Adjacent b cosA

http://en.wikipedia.org/wiki/Trigonometry




Special angles and their sines and cosines
in 30, 60, 90° (1, 2,/3 ) and 45° (1, 1,/2 ) right triangles

60°

30°

45°

http://en.wikipedia.org/wiki/Trigonometric function




The law of cosines

c>=a’+b*—2abcosXa,b

The law of sines

a b C

ssnmA smB sinC



Trigonometric functions defined on the unit circle

Ay
r=1
sin 6
9 S

cos 6
. X sin @
sm@zl, cosf =—, tan@zzz

r r X cos6

http://en.wikipedia.org/wiki/Trigonometry




The trigonometric functions on the unit circle
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http://en.wikipedia.org/wiki/Trigonometric function




The cosine and sine functions on the unit circle

cosO = x/r
sin @=y/r

r=1
x=cos6b
y=sin 0

(-1.0)

sin

x2+y2 — r2
cos’0+sin’0 =1

X
— =cos6O
a
Xzsin@
r
=—cos@
= sin@



Sinusoidal identities r=1

on the unit circle cosQ =x/r=x
1 sin @ = y/r=y
(O’ 1) cos’@ +sin“@ =1
r=1
Yp-=-=" , cos(—p)= cos@
i T o : sin (—¢@)=—sin @
T—@ 2 :
| T\ .
(~1,0) 0 : X cos| ——¢ |=sing
P 1,O
y (1,0) sin E—go =CosQ
2
. cos(7— @) =—cos@
cos(m+@)=—cos
(0.-1) sin(z— @)= sing
sin(7 + @) =—sin@



Sinusoid function
y = a+bcos(cx+d) = a+bsin[%—(cx+d)}

2r/c

__________ 2rt/c

C(x + /1) +d=cx+d+2r baseline a wavelength 27/c
A=27 / c amplitude b phase cx+d
frequency ¢ phase shift —d/c



The cosine and sine functions
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The cosine is an even function, and the sine an odd function.

cos(—x) = cosx sin(—x) = —sinx
The cosine function is a phase-shifted sine function, and vice versa.
(= . T
cosx=Sm| ——Xx SINx =COS| —— X
2 2

http://en.wikipedia.org/wiki/Trigonometric function




The sine and cosine functions
and their derivatives and integrals
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http://en.wikipedia.org/wiki/Trigonometric_function




The sine and cosine functions and their squares
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http://www.gbbservices.com/mathematics.html




The sine function on the unit circle
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http://upload.wikimedia.org/wikipedia/commons/7/7d/Sin_drawing_process.qgif




Relationships of the sine and cosine functions
to the unit circle and helix

Unit Circle

http://len.wikipedia.org/wiki/File:Sine and Cosine fundamental relationship to Circle %28and Helix%29.gif




Sine and cosine phase differences
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Sine and cosine phase differences
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Superposition of two equal-frequency, equal-amplitude waves

vVl

Constructive interference of waves almost in phase

Destructive interference of waves almost 180° out of phase

http://lwww.phy.ntnu.edu.tw/ntnujaval/index.php




Superposition of two equal-frequency, equal-amplitude waves

Wave superposition and interference

Equal-wavelength, equal-amplitude waves nearly in phase.
Constructive interference

Equal-wavelength, equal-amplitude waves nearly 180° out of phase.
Destructive interference




Sinusoidal wave superposition and interference

constructive interference
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partial destructive interference
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complete destructive interference
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Sum of both waves

© 2006 Encyclopadia Britannica, Inc.

http://media-2.web.britannica.com/eb-media/95/96595-004-16C2DCAD.qgif




Superposition of two waves with equal frequencies
but unequal amplitudes

constructive interference

1) An destructive imterference

in phase 180° out of phase
crest on crest crest on trough
and and
trough on trough trough on crest

http:/Iscienceworld.wolfram.com/physics/Constructivelnterference.html




Superposition of any number of equal-wavelength sinusoidal
(sine and/or cosine) waves gives a sinusoidal resultant wave.

Fic. 115. For complex crystals, the net wave for any particular
reflection is the result of a combination of a number of waves out of step

by different amounts.

Charles W. Bunn (1964). Crystals: Their Role in Nature and in Science. New York: Academic Press.
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Sine function harmonics, sin nx, A

SIN X
SIn 2.x
Sin 3x

sin4d x

sinSx
sin 6x

2



Two examples of harmonic sums of sinusoidal components
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Equal phases
and
equal amplitudes

Unequal phases
and
unequal amplitudes

http://www-crca.ucsd.edu/~msp/techniques/latest/book-html/node14.html




A sum of equal-amplitude, in-phase cosine harmonics

y; =cos3x
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A superposition of unequal frequency, unequal amplitude sinusoids
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A superposition sum of sine wave harmonics

/\
sinnx, O0<x<rxm

0 JU

_2fo A
—sinnx = Sln(—nx)

-~ =~ | —sinnx=sin(-nx)

http://Iwww.lightandmatter.com/html books/3vw/ch04/figs/fourier.png




Sum of sinusoidal harmonic components
with different phases and different amplitudes

_‘Periodﬂ

0

n

n

n=3- E;

n=4—-1/+-;—
AN AN AWAY NA AN
/ V VUV VVVV YV VVV

j,

n

!
3
<
D
p

PaNY . U NP .U - U+ U0 o U . O 4.9 »
VOO OMNMUOTrOTTOT O OUW W WO

A




e 100
\ Do T o 200

500




Both the crystal structure factor

F, = CCHJ J J X,¥,2 exp[+27z,'l hx+ky+lz):dxdydz

F, = Z £.(Su Jexp| 2mi(hx, + ky,+1z,)
a=1

by, = | Fhkl| el(phkl = | Fhk1| (COS Py TISINQ,, )

1 sin@
Shkzzazz(Thklja “ET‘ |F Prer = P

and the unit-cell electron density distribution

X, Y, Z 222|Fhkl|cos[¢hk1 hx+ky+lz)]

CCH h 'min min mm

b

are sinusoidal wave superpositions.

Fri IS a superposition of sinusoidal waves with different
amplitudes and phases but the same frequency.

p(x,y,z) is a superposition of sinusoidal waves with different

amplitudes and phases and different harmonic
frequencies.




Both the crystal structure factor

F,, = Ceuj J J ,y,z)exp[+27ri(hx+ky+lz):dxdydz

F, Zfa hk,)exp[Zni(hxa+kya+lza):
a=1

i .
by = |Fhkl| ¢ e |Fhk1| (Cosgohkl +18mn @hkl)
1 sin6
S, =—=2 —h’dj F_|=|F
e
and the unit-cell electron density distribution

XY, Z 222|Fhkl|cos[¢hkz hx+ky+lz)]

Cell h 'min min mm

Qrre7 = —Ouy

TD

are sinusoidal wave superpositions.

Fri is a superposition of sinusoidal waves with different
amplitudes and phases but the same frequency.

P(x,y,z) is a superposition of sinusoidal waves with different
amplitudes and phases and different harmonic frequencies.




Equal frequency Unequal frequency

F,,, waves p(x,y,z) waves
different different
amplitudes amplitudes
and phases and phases
but and
the same different
harmoni
frequency armonic
frequencies
/-\\'-‘r"_.“‘~‘- . v'a'-*‘ ‘\“ "‘"\\v R
TR \\_// é AVE >
Fru is a superposition of sinusoidal waves with different amplitudes

and phases but the same frequency.
p(x,y,z) is a superposition of sinusoidal waves with different amplitudes
and phases and different harmonic frequencies.

http://media-2.web.britannica.com/eb-media/09/1709-004-158C0512.gif




Two examples of Fourier sums of
sinusoidal harmonic components

1-D

http://www.carbontrust.co.uk/technology/technologyaccelerator/ME__quide2.htm




A superposition sum of density waves
that produces density peaks

Psso :‘7:|:Fs§0} Psso :FI:F;SO:I p(x,y,0)=p5§0+p550

Fourier component Fourier sum

density waves density peaks




3-D relief and 2-Dcontour plots of a sum of sinusoidal terms
z2=) A cos(al.x + bl.y) + B, sin(cl.x + dl.y)
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3-D relief map and 2-D isocontour map







Complex numbers

imaginary unit, i

complex number

{
{

Cartesian form
polar form

trigonometric form

magnitude (or modulus)

phase (or argument)

real part
imaginary part

Z=x+Iiy

=|de'?

{ Re(z)=x

Im(z)=y

=|7(cosp+ising)
|Z|: ’x2+y2

~i[ sin -
¢ =tan l( (pj:tan I(X) polar form
cosQ x

trigonometric form

conjugation
complex conjugate

Cartesian form

=|7cos¢

=|7| sin @ squared magnitude

equality
addition or

subtraction
multiplcation

division

4=% < (xlzxz)/\()’1:)’2) = (|Z1|:|Z2|)/\(‘P1:(P2)

2tz =(x1—|-iyl)i()c2+iy2):(x1 i)c2)+i(y1 iyz)

32, = (xlxz _y1y2)+ i(xlyz +x2y1)
:‘21H22|explii((/’1 +¢2)]

Z Xty 55" (xl +iyl)(x2 _iy2)
- . - 2 2
Z, X+, ,5,* X, +y,

=%exp[i(¢l ~9,)]
2

z=x+iy > Z¥=x—-1y
Replace i with —i.

Z¥=x—1y

=|2|(cosp —ising)

| =zt z=z ¢ =x+)"




The Euler formula

I .
e'? =Ccos@+isin@

11

Feynman called this “... the most remarkable
formula in mathematics..., our jewel”.

The Euler identity I

ei1=0

Gauss reportedly said that anyone to whom
this formula is not immediately obvious could
never be a first-class mathematician.

The Euler formula is a thing of deep mathematical meaning. It unites algebra and geometry
by linking complex exponential functions and the trigonometric functions.

eiq) =CcoSQ +isinQ COS( = %(ei§0+e—i§0)
e 1P CosQ —ising sin @ = %(ei‘/’_ e—iQD)
!

The Euler identity is a thing of great mathematical beauty. It links the real numbers
0 and -1, the transcendental numbers m and e, and the imaginary unit /.



Euler’ s number e and the exponential function y=1f(x) = e~

1 1) |c¢ER . dy_d d .
e= —.:hm(1+;), {C%Q y:f(x):e , ay:af(x):ae =e

n=0 eéA
ex2.71828... 20
=0
15
10
(1, e) 5
(0, 1)
0
d
y=e", Y _ o -2 0 2
dx _ x_oo x_- X " y:ex Q:tana:l
by y=¢ _Z;E‘}EE =+ ' dx 1
dxsz . d X X
—€ =¢€

http://en.wikipedia.org/wiki/Exponential function
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The Euler relationship on an Argand diagram
of the unit circle on the complex plane

| Alm
e = i . .
. — e’ =cosQ+isin@Q =x+iy
sin @
. e" =1
—_1 cosp Re




The Euler relationship on an Argand diagram
of the unit circle on the complex plane

Im

e'” = cos@+ising =x+iy




The Euler relationship and a conjugate pair of complex numbers
illustrated as Argand diagrams on the complex plane

Im, :
| z=x+iy=lge'?

=y

¢ = arctan(y/x)

* +1y

i -
e'? = CcoS(Q+isinQ

[
>

X Re

Z¥=x—iy=|ze "




Conjugate versus negative complex numbers

e'? = COS( +1sInQ
et =-1+0

— ei(p = emei(p = ei(g0+7r)

|Z|: /x2+y2

¢ = arctan(y/x)

2

ei((p+7r)

> Re




The Euler Relationship in 3-D

Komplexe 4 jxy j*y

Zahlen- 1i=Y-1
ebene

3

>y

Complex
plane
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27

Reelfe
Zahlen-

Real /
plane Y4

http://upload.wikimedia.org/wikipedia/commons/e/e3/Euler%27s Formula c.png
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Taylor Series
Infinite series expansion of f(x) about x = x,

f(x)= f(xo)+f’(xo)(x—xo)+%f”(x0)(x—x0)2+%f’”(x0)(x_xo)3 L

—2 f[” xo X — xo)n

af
dx

f,(XO):

Maclaurin Series
Taylor series expansion of f(x) about x=0

£(0)= £(0)+ 1/(0)x+ 5, £(0) 5" + 5, £7(0)x" +

21




Series expansions of cos x and sin x
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Series expansions of e and e”

f(x)zf(0)+f'(0)X+5f”(O)x2 + 3'f”’(0)x3 ...
flx)=¢" £(0)=1
f(x)=e*  f(0)=1
)= f(0)=1
(x)=et f7(0)=1
)=t f(0)=1

2 3 4
X

X
e* :1+x+5+—+—+

31 4!
1

e =141+ttt =2 71828,
2! 41

3!

(i) (&x)" (i)’

e =1+ix+ - + +ee
2! 3! 4!
. x> i X i x% X!
=l+ix———-——+—+—-"——-—+
2131 40 51 6! 7!
x> oxt X ) x> x> X
=l- "t ti|x - —+ -+
21 4! 6! 31 5 7

X

sin x

e’ =cosx+isinx

i
el —

em+150

1+0

-2
=—1
-1
=—1
0
=1
o] .
I =1
2
1°=—1
.3
I =—]
4
1T =1
.5 .
1> =1
6
10 =-—1
.7
' =—]
8
=1
n __ .nmod4




The Euler formula from Taylor series

2 4 6 :
cosq):l—(p TRL N '
21 41 6! 2
3 5 7
0. 9 o L
T TR T boE
2y i’ =1
X pxr iy
2! 3! 1
i =i
e:1+l+l+i+...=2.71828... i2=—1
1 2! 3!
- () (o) (io) o
P —14ip+ 2L P UP) it =1
2! 3! 4!
2 3 4 5 6 7 i5:i
=1+ip- 4 .go +g0 +i¢ _9 —i(p +...
20731 41 st 6l T 5
2 3 4 5 6 7
—ltip- L ;0 ;0 ¢ 0 i =
2! 3! 4! 5! 6! 7!
2 4 6 3 5 7 i =1
:(1—¢ +g0 _9 +j [q)_qo v _9 +) ,
21 4! 6! 315 7!
gD—COS(p+zsm(p it ="




The Euler formula from ordinary differential equations
and boundary conditions

y:elx Z=COSX+isinx
d .
—yzielx %:—sinx+icosx
dx dx
=1y =i’sinx+icosx
= i(cosx+isinx)
=iz
dy dz
——iy=0 ——iz=0
A Yy
y(0)=1 2(0)=1

The functions y = e’ and z=cosx+isinx are both solutions of the
same differential equation, and both have the same value at x=0.

Therefore, y(x) = z(x), thatis, eX=cosx + isinx.



Sum of angles trigonometric identities from the Euler formula

J(x+y) _ ix iy

cos(x+y)+isin(x+y)=(cosx+isinx)(cosy+isiny)

= COSXCOSYy+iCcOSxsiny+isinxcosy—sinxsiny

= (cosxcosy— sinxsiny)+ i(cosxsiny+sinxcosy)

cos(x+y = COSXCOSy—SInxsiny

S1n

e

+ y)=sinxcosy+cosxsiny

)

)
y)=cosxcosy+sinxsiny

)

(
os(x
(

C J—

sin(x—y)=sinxcosy—cosxsiny

COSXCOSYy = E[cos(x+ y)+ cos(x— y)] , COS’ X = %(cos 2x+ 1)
sin x sin y = %[cos(x—y)—cos(x+y):| ,  sin’x = %(1— cos2x)

cosxsiny = %[sin (X+)’)—Sin(x_)’):|

SINXCOSy = %[sin (x+y)+sin (x—y)]




Sine and Cosine Sum of Angles Formulae by Plane Geometry

{cos(a + f3) = cosorcos  F sin asin

sin (o £ B) = sin cvcos B £ cosasin B P/
PB1LOB, POL1OQ, ORLPB: - OR|OA
ACRPng—APQR:g—(%—ACOQRj:ACOQRzoc a
orP=1 1/ &
OQ =cos 3 8
PQ =sin 8
0A 19
oA _ . OA = O
0 coso, .. OA=cosoacosf B
R

—Q:sin o, .. RQ=sin osin B
PQ

cos(o+ )= OB =0OA— BA=0A—- RQ = cosacos B—sinosin 8

A
O_Q:sina, - AQ =sinacosf3
PR
P—:cosa, . PR=cososin 3

sin(a+ 8) = PB= RB+ PR= AQ+ PR =sina cos 8+ cos asin 8

http://en.wikipedia.org/wiki/Proofs of trigonometric identities




x=rcosé@

= rsin6 Rotation of Cartesian coordinate axes

x"=rcos(0—@)=r[cosOcosp+sinOsing|=xcosp + ysing

Yy =rsin(0—¢)=r[sinfcos@—cosOsinp|=ycosp — xsing

x'= xcos@+ysin@
y =—xsin@+ycos@
Z,

<

x’ cose sing 0\ x
y |=|—-singp cos¢p O]y
4 0 0 1)\ z
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Rotation of a
Cartesian vector

1"2 :x2+y2 :x/2+y/2

s
X

la
X=rcoso x’

y=rsino

x"=rcos(a+ ) =r(cosacosB—sinasin )= xcos§— ysin 3

y' =rsin (o + B)=r(sinacos B+ cosasin )= ycos B+ xsin
’

7=z






Orthogonality of the sine and cosine functions

Vmmn: mneZ#0,

+7 +7 0 . m#n
d = 1 1 d = 6 —
_J;cos(mx)cos(nx) X __[rsm(mx)sm(nx) X=Tmo,, {71’, I

J cos(mx)sin(nx)dx =0

-




Sine and cosine orthogonality integrals

(@)

Os(x+y): COSXCOSy—sIinxsiny

cos(x—y)=cosxcosy+sinxsiny
cos(x+y)+cos(x—y) =2C0SXCosy
cos(x—y)—cos(x+y)=2sinx siny

J.ZT cos(mx)cos(nx)dx = %J.j[cos(m +n)x |+cos[ (m—n)x|dx

0+0, m#n

= 1 p+7
0+— dlex
7 2

+

=7d

mn

f: sin(mux)sin(nx)dx = %J.j:[cos(m —n)x |—cos[ (m+n)x |dx

0+0, m#n
— 1 g +7T
—| dx+0==—x| =7, m=n
2 y
=nd,
sin(x+y)=sinxcosy+cosxsiny
sin(x—y)=sinxcosy—cosxsiny
sin(x+y)+sin(x—y):ZSinxcosy
sin(x+y)—sin(x—y)=2cosxsiny

J‘j: sin(mx)cos(nx)dx = %J.j:[sm(m + n)x:|+ sin[(m — n)x:ldx -0







Sine and Cosine Sum of Angles Formulae by Plane Geometry

{cos(a + f3) = cosorcos  F sin asin

sin (o £ B) = sin cvcos B £ cosasin B P/
PB1LOB, POL1OQ, ORLPB: - OR|OA
ACRPng—APQR:g—(%—ACOQRj:ACOQRzoc a
orP=1 1/ &
OQ =cos 3 8
PQ =sin 8
0A 19
oA _ . OA = O
0 coso, .. OA=cosoacosf B
R

—Q:sin o, .. RQ=sin osin B
PQ

cos(o+ )= OB =0OA— BA=0A—- RQ = cosacos B—sinosin 8

A
O_Q:sina, - AQ =sinacosf3
PR
P—:cosa, . PR=cososin 3

sin(a+ 8) = PB= RB+ PR= AQ+ PR =sina cos 8+ cos asin 8

http://en.wikipedia.org/wiki/Proofs of trigonometric identities




x=rcosé@

= rsin6 Rotation of Cartesian coordinate axes

x"=rcos(0—@)=r[cosOcosp+sinOsing|=xcosp + ysing

Yy =rsin(0—¢)=r[sinfcos@—cosOsinp|=ycosp — xsing

x'= xcos@+ysin@
y =—xsin@+ycos@
Z,

<

x’ cose sing 0\ x
y |=|—-singp cos¢p O]y
4 0 0 1)\ z
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y ------------------
Rotation of a
Cartesian vector
y ___________________________

TGE ':

. —>
X=7rCosSo X x|
y=rsino /

x"=rcos(a+ f)=r(cosccosf—sinosin )= xcosﬁ—yéinﬁ

y' =rsin(o+ B)=r(sinacos + cosasin B)= ycos S+ xsin
’

7=z

cosB —sinfB O0)(«x

xl
y |=|sinB cosB Ofy
Z 0 0 1)\ z






Rotation of coordinate axes

x=rcos@

y=rsin6

x"=rcos(0—@)=r[cos@cosp+sinfsing|=xcos@+ ysing

y' =rsin(0—¢@)=r[sinfcosp—cosOsing|=ycos@— xsing

x'= xcos@+ysin@
y' =—xsin@+ ycos@

’
=2

X coso sing@ 0\ x
y |=|—-sing cosp Ofy
z 0 0 1)\ z




The sine function on the unit circle

y = sin X
y

N |
N

http://upload.wikimedia.org/wikipedia/commons/7/7d/Sin_drawing_process.qgif




Relationships of the sine and cosine functions
to the circle and helix

Unit Circle

http://len.wikipedia.org/wiki/File:Sine and Cosine fundamental relationship to Circle %28and Helix%29.qgif




The Euler Relationship in 3-D

Komplexe 4 jxy J*y
Zahlen-
ebene

+i=¥-1

Complex
plane
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Real /
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http://upload.wikimedia.org/wikipedia/commons/e/e3/Euler%27s_Formula_c.png
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Sine and Cosine Sum of Angles Formulae by Plane Geometry
cos(o+ B) = cosacos B Fsin asin
sin (o B) = sin zcos B+ cosasin
PBLOB, POLOQ, ORLPB: . QR|OA
xxpgzg—ngh 5—(£-40QR)=40QR=0:

ZHA2
OP=1
OQ=cospf
PQ =sin
%=cosa, ~. OA=cosocosf3
00
ﬁ—Q=sina, '. RQ=sin asin

cos(a+ )= 0B =0A—-BA=0A—-RQ = coso.cos —sinasin 3

AQ

—=sinx, .. AQ=sInocos
50 0 B

PR
P—= cosa, .. PR=cosasinf

sin(a+ )= PB=RB+PR=AQ+ PR=sinacos +cosasin 8
hito-lien wikivedi wiki/Proofs. of tri c identis




(Jean-Baptiste-) Joseph FOURIER, 1768-1830.

1! ne reste plus que les coefficiens a, o, @”, etc. 4 déterminer;
or si 'on fixe Porigine des x au foyer de chaleur constanie, la va-
Jear de ¢, relative a x =o0, sera donnée en fonction de 5 ; soit

alors y=¢y , On aura
: —=a cos L -+ a' cosiw = a’l e0s i 1c. ‘2
@.7“""“ 2 J a J 2 #Y —~elc. 72,

: T * 2441 -
Multipliant de part et d'autre par a. cos ———-m). dr; et intégrant
ensuite depuis 3 = =~ 1 jusqua y = — 1, il vicat
2141
’ . —_ e . d,' .
- %a; ¢ €08 —— xy - dy;

Car il est facile de s'assurcr que l'intégrale
2 1 ai-1
fcos i ®y . cos — wy . dy,

2 - 3 .
prise depuis y =~ 1 jusqu'a y == —— 1, est nulle, excepté dans gc cas
dei==i’, ol elle est égale a». Dans quelques cas partm_zlu,ers, l'intégrale
definie devra étre prise entre d’autres limites , sans quos 'on trouveroit
a.==0, pour loutes les valeurs de i

“Mémoire sur la propagation de la Chaleur dans les corps solides,
présenté le 21 décembre 1807 a I’ institute national.” Nouveau
Bulletin des sciences par la Sociéeté philomathique de Paris, N°. 6,
Paris (Bernard), March 1808, pp. 112-116.



d b
o/ (=s(x) = [ e(x)dx=f(x)]
Fiy

p(x,y,

' F
Fhkz:|Fhk1|el(phkl pam p(x,y,2) {

F_l

‘F;zkl| O

F|F,]=p(x,y,z) Fourier synthesis
F [p(x,y,z):l =Fu

Fourier analysis




